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| ast Lecture (online)

- Moments of the distribution function
* Fluid equations (“two fluid”)
- The “closure problem”

- MHD equations (“single fluid”)



Outline

- Homework #4: Modeling Collisions and the Rosenbluth Potentials
- Force balance (equilibrium) in a magnetized plasma

- Z-pinch

+ B-pinch

- Screw-pinch (straight tokamak)

- Grad-Shafranov Equation

- Conservation principles in magnetized plasma (“frozen-in” and conservation of
particles/flux tubes)



Modeling Collisions
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- "Weakly ionized plasma” collisions with neutrals

* Fully ionized plasma: Coulomb collisions



‘Simple” Fixed-o Model for Weakly lonized Plasma

L A €TAAL

' Q D EnS T
( THER M AL
MM AXWIE LI A0 VELoCITY

' y ’1 -
Feeiongey CE@u LB CROSY SETIO™

TO P IPL SN ] SF o
(;(g\ e '(;L('g 1(:& / Ceoe évfﬁm

OisTR R o o y(é' Mz O ¢ O O
D @ ®
‘ e ?
(((ng Cg(4> o e Q
' -t

(1§ 0 TCL5) = — Ve, (17 <ET)=2)

av o E"_fmgx/ ,_\‘\'}m'/’.
MNEe =  w o= Gl



Modeling Collisions in Fully lonized Plasma

Rutherford scattering cross-section,

do 1 e, ey : |
— = - 3.70
dQ 4 (4m 2 ) sin*(y/2) =:15)

[ €0 Uss? U
(Ruthertord 1911). It 1s immediately apparent, from the previous formula, that two-
particle Coulomb collisions are dominated by small-angle (1.e., small y) scattering
events.
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Figure 3.1 A two-body Coulomb collision.
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Modeling Collisions in Fully lonized Plasma

CURRENTS DRIVEN BY ELECTRON Electron-cyclotron heating in a pulsed mirror experiment
CYCLOTRON WAVES M. E. Mauel

Plasma Fusion Center and Research Laboratory of Electronics, Massachusetts Institute of Technology,
C.F.F. KARNEY, N.J. FISCH Cambridge, Massachusetts 02139
Plasma Physics Laboratory, (Received 5 December 1983; accepted 6 August 1984)
Pr 1.nceton University, Experimental measurements of electron-cyclotron resonance heating (ECRH) of a highly ionized
Princeton, New Jersey, plasma in mirror geometry is compared to a two-dimensional, time-dependent, Fokker~Planck
United States of America simulation. Measurements of the absorption strength of the electrons and of the energy

confinement of the ions helped to specify the parameters of the code. The electron energy
distribution is measured with an end-loss analyzer and a target x-ray detector. These characterize
a non-Maxwellian distribution consisting of “passing” (10eV < T, , <30 eV), “warm” (50

ABSTRACT. Certain aspects of the generation of steady-state currents by electron cyclotron waves are eV < T, <300eV), and “hot” (1.2 keV < T, <4.0keV) electron populations. The temperature
explored. A numerical solution of the Fokker-Planck equation is used to verify the theory of Fisch and and fra?:l:ional densi,ties of the warm and hot;opulations depend on the absorbed power and total
Boozer and to extend their results into the non-linear regime. Relativistic effects on the current generated are density. A similar distribution is calculated with the simulation program that reproduces the end-
discussed. Applications to steady-state tokamak reactors are considered. loss and x-ray signals. Both the experimental measurements and the simulation are described.
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FIG.5. Steady-state d zs.'t ibution for D=0.25, w;=4, and FIG. 9. An example of the development of the electron velocity distribution

w,=5 (cyclotron damping). during and after ECRH. Shown are four times: (a) at the start of the ECRH,
(b) after 5.0 usec, (c) at the end of the 15 usec rf pulse, and (d) 5.0 usec after
the ECRH was turned off.

https://doi.org/10.1088/0029-5515/21/12/004 https://doi.org/10.1063/1.864605



Modeling Collisions in Fully lonized Plasma
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Modeling Collisions in Fully lonized Plasma
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Modeling Collisions in Fully lonized Plasma
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Modeling Collisions in Fully lonized Plasma

Landau Collision Operator
Collisions create a “flux” in
velocity-space \

1 o s
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Bss’

Rosenbluth Potentials
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Rosenbluth Potentials

APPENDIX: NUMERICAL TECHNIQUES For the collisional currents, the form used by Cutter et al.*®
Here we describe with more detail the numerical tech- is used with

nique used to solve the two-dimensional partial equation

M,\.0H I,
[Eq. (32)] given by [, = Fea(l - )F-E?v )
OF g  AF 10,0 | ja sin O, | G oF 1__( PG 3G )aF] AS
ot "5 v gv el (A1) P v v*\wdé b 361
The rf currents are given by Egs. (17), (18), (29), and (30}, or I, =1, (1 _ M ) F.._l_ ‘;I; I ;a..
m v
I, =|cos@|(lz/L), J
|B ‘(IE ) r [1(182G+6G)5F ] c?zG_él_;'_
r,=— 8( = sin” 9)—;— (A2) 2\ v 982 ' v/ 98 v dwdb v
sin e

where I, = 4me’e% A, /m?. Here H and G are the Rosen-
bluth potentials which are approximated by a truncated ex-
pansion of spherical harmonics.*® The first seven, even poly-

https://doi.org/1041063/1.864605



Outline

- Homework #4: Modeling Collisions and the Rosenbluth Potentials
- Force balance (equilibrium) in a magnetized plasma

- Z-pinch

+ B-pinch

- Screw-pinch (straight tokamak)

- Grad-Shafranov Equation

- Conservation principles in magnetized plasma (“frozen-in” and conservation of
particles/flux tubes)
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VIHD
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plus magnetostatics
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Statics
V x B = puoj

O=jxB—-Vp

(12) VA-B)=AXx(VxB)+Bx(VXA)+(A-V) B+ (B:-V)A
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Statics
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Theta) 8-Pinch
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(Theta) 8-Pinch




(Theta) Pinch
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ZAP ENERGY

Fusion power. NO magnets required.









“Screw-Pinch”

(a.k.a. “Straight Tokamak”)
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“Screw-Pinch”
a.k.a. “Straight Tokamak” or “Straight RFP”
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‘Screw-Pinch”
(a.k.a. “Straight Tokamak®”)

27



“Screw-Pinch”

(a.k.a. “Straight Tokamak ’%l ro 4 AR _QEJ P@\
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Review paper

PLASMA EQUILIBRIUM IN A TOKAMAK

V.S. MUKHOVATOV, V.D. SHAFRANOV
I.V. Kurchatov Institute of Atomic Energy,
Moscow, Union of Soviet Socialist Republics

ABSTRACT. The papersummarizes the basic information on the equilibrium of a toroidal plasma column in systems of the
Tokamak type. It considers the methods of maintaining a plasma in equilibrium with the help of a conducting casing, an
external maintaining field and the iron core of a transformer. Attention is paid to the role of the inhomogeneity of the main-
taining field. It is shown in particular how the shape of the column cross-section depends on the curvature of the lines of force
of the maintaining field. For the case (which has practical importance) weak asymmetry of the field distribution in the trans-
verse cross-section, this paper describes a uniform method of consideration, which takes into account the influence of different
factors on the equilibrium position of the column. This method is used for calculating plasma equilibrium in a Tokamak model
with a conducting casing. Account is here taken of the effect of gaps in the casing and of finite electrical conductivity. Some
cases of plasma equilibrium which are outside the standard Tokamak scheme are also considered, such as equilibrium in a con-

ducting shell having the shape of a racetrack, equilibrium where the whole current is transferred by relativistic runaway elec+
trons and equilibrium at high plasma pressure f; ~R/a.
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| l ring current with transverse balancing magnetic field.
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FIG.1, Distribution of a toroidal magnetic field.
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JOURNAL OF COMPUTATIONAL PHYSICS 32, 212-234 (1979)

Numerical Determination of Axisymmetric Toroidal

. ©
Magnetohydrodynamic Equilibria e
®
J. L. JOHNSON,* H. E. DALHED, J. M. GREENE, R. C. GrRiMM, Y. Y. HSIEH,
S. C. JARDIN, J. MaANIcKAM, M. OKABAYASHI, R. G. STORER,' A. M. M. Topp,
D. E. Voss, AND K. E. WEIMER B
Plasma Physics Laboratory, Princeton University, Princeton, New Jersey 08544
Received July 13, 1978 revised October 20, 1978 X
1 ap
Numerical schemes for the determination of stationary axisymmetric toroidal equilibria ¥=¥y
appropriate for modeling real experimental devices are given. Iterative schemes are used
to solve the elliptic nonlinear partial differential equation for the poloidal flux function ¥. <l l — I o
The principal emphasis is on solving the free boundary (plasma-vacuum interface) equilib- ¢ ® ? ;
rium problem where external current-carrying toroidal coils support the plasma column, 9\ Z’/@ Ch ‘//
bur fixed boundary (e.g., conducting shell) cases are also included. The toroidal current Coils Coils
distribution is given by specifying the pressure and either the poloidal current or the safety _ .
factor profiles as functions of ¥. Examples of the application of the codes to tokamak FiG. 1. Computational domain #.

design at PPPL are given.

SOLUTION PROCEDURE WITH p(¥) AND g(¥') SPECIFIED

I
Vp —=J X B, Xaix’ax eZ2

J =V xB, B.—.—.--Z%T—V¢><V'P+R80gv¢

V-B=0. Jé-r—.?ﬂ(X dp | R*By’ dg").

— - — —

d¥ ' 2X d¥ .
30



Grad-Shafranov Equation

O=JxB—-Vp
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Grad-Shafranov Equation

V X B = uoj
O=jxB—-Vp

VAYZ 28
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(10) Vx (AxB)=A(V-B)—B(V-A)+ (B-V)A — (A -V)B
32



Grad-Shafrano_y Equation
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(1) ABXC=AxB-C=B-CxA=BxXxC-A=C-AxB=CxA:-B
2) Ax(BxC)=(CxB)xA=(A-C)B- (A -B)C 33



JOURNAL OF COMPUTATIONAL PHYSICS 32, 212-234 (1979)
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Next Lecture

- More Piel / Chapter 5: “Fluid” Equations

* “Frozen-in” flux condition

« Alfvén wave

- Monday, October 9: Homework #5
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