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Last Lecture

» Coulomb collisions and the Coulomb logarithm
- Ambipolar diffusion

- (“Classical”) Transport in a magnetized plasma
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Review: e; x (Ax ez) =AL ~<pp>-A
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Review: “Drift” with Collions

The elastic scattering of electrons on atoms 1s almost 1sotropic [68]. Therefore, on
average, the electron loses 1ts mean momentum m.V, and we can write the equation

of motion for an average electron
mv = —eE — movy, . (4.25)

This average electron now moves in —E-direction. The quantity vy, = 1/7c0n
1s the effective collision frequency for momentum transter.
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Review: Ambipolar Diffusion




Review: Collisional “Drift” with a Magnetic Field
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Review: Collisional “Drift” with a Magnetic Field

er(Axez)=AJ_




Conductivity in a Magnetized Plasma

Pedersen Hall
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Outline Today

- Moments of the distribution function
* Fluid equations (“two fluid”)
» The “closure problem”

- MHD equations (“single fluid”)



Piel, Ch. 5: Fluid Theory

(a)
Electric and
magnetic fields

Find trajectory
of particles

(b)
Find trajectories from
solving equations of motion

>

Calculate force for next

point on trajectories
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Solve Maxwell's equations

(over simplified)



Piel, Ch. 9: Kinetic Theory

KINETIC THEORY
Vlasov model Boltzmann equation

FLUID MODELS
ideal MHD collisional MHD

temperature

SINGLE PARTICLE DRIFTS
guiding center approx. concept of mobility

collisionality

(over simplified)



Particle Phase Space

AN® = £ v, ) Ax AyAz Av, Avy Av,

Oy, 1) = Z O(r — 1 (£))o(V — V(1))
k

but single particle eftects are relatively small
when the plasma parameter Is large

So f(x,v,t) becomes “nearly smooth’
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Particle Phase Space
N©@ = / / @, v, r)drdv

n(r, 1) = / @ v, 1)d v

u = (1/n) [ vf dv

plus higher-order
velocity-space

p = fm(v — u)zf dv moments



Vlasov Equation (6 dimensions)

0f B 0
E ~ T o, (fvx)

0
™ (fa)

Fv-V,.f+a-V,f =0

What is the “Boltzman Eq™7
How does it differ from the Vlasov Eq?
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Conservation Property of Vlasov Equation

3 ot //fdxdv— //v—dxdv //a—dxdv
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Particle Trajectories and the Vlasov Equation

df (x(r),v(),1) 8f J0f dx odf dv

dr ~ o0 T ox dr | av dr
Jof  0f f q
— - - —(E B) =0
ot Tox YTy m TV

Also...

The Vlasov equation 1s invariant under time reversal, (t — —1), (Vv — —V).
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Velocity-Space Moments of the Vlasov Equation
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The Fluid Closure Problem...

:i/mvfdvl ax/vzfdv—l—a/vgdv
—/mvfdvl x[/m(v—u)zfdv—l—nmuz}
& (e rge)

@ (i) - O () + (a2
—A\nmu I u—nmiu nmiu nma
o o 8x o1 dx

Q 0 0 d
@Q’ —am [ Z +uZ8) 4 \
0t 0X

p = f m(v — u)zf dv

s What is the dynamics of p?
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Chapter S
Fluid Models oN AN

= In(x + Ax) — In(x) = AX . (5.6)
ot 9 x
In(X) | (X+AX)
= N >
X
Fig. 5.3 Definitions used to X X+AX
derive the continuity equation

__ 1 V. — 0
Y + (nu)
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Convective Derivative

du oJu oJudx oJdudy oJudz
— = — +t —— + ——— + —
dr Jdr odx dr odydr 0dz dt
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Eulerian Description ... . e, o

(Field Variables)
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Integral Relations

) / . { [, $dV (fixed V)
at Jy ) [, 9bav + [, dA - Uf

Osborn Reynolds

~¢
(Reynolds Transport Theory) %

1842-1912




Integral Relations

(Section 4.2)
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Newton’s Law
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Momentum
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Fluid Mechanics
(Eulerian and Lagrangian Description part 1)

https://youtu.be/zyyzEiKftIM?si=dBo1EKIGRpKLTRAX

29



Momentum/Force Equation

| p(Xoih- <l—| P(Xg+AX)
Alp = (mvy) An(vy)|vx|AyAz X
X Xo+AX
Fig. 5.4 Calculation of Tp(x )_I> -[>I+p(x +AX)
0 0

pressure forces

Gain at x :

LLoss at xg :

Gain atxg + Axg :

Lossatxg + Axp :

0t

~ = Iy (x0)

Iy (xg) =

Iy (xp) =

I (xo + Ax) =

II;'_(X() + Ax) =

An(vy)(muvy)|vy|

]
An(vx><mvx>|vx|] AyAz

]

I,

An(vy)(muvy)|vy|

> |
vy >0
> |
vy <0
> |
vy <0
> |
vy >0

— I (xo + Ax) + I, (xo + Ax) — I, (x0)
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0 Py

0t

Pressure Gradient Force

0.0

—m Z ([An(vx)v)%]XOJrAx — [An(vx)v;%]xo)
_maix(n<v§>)AxAyAz a :

_— - 2 D)
g(nmux) — max [n ((ux) + 2uy (Vx) +

n(vg) = [ f(uo)vidve  ~Pressure

(1/2)m(v2) = (1/2)kgT

— 3 0 0
Ux Ux T Ux a(nmux) = —3 [nmu)% —I—nkBT]
X
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Momentum
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“Two Fluid”

—ne(Ek+u; x B) — Vp; +nmig + nveime(Ue — 1;)

= —ne(E +ue X B) — Vpe + nmeg + nveime (0 — ue)

sotrop>
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MHD: “Single Fluid” from “Two Fluid”

a .
nmi% = ne(E+u; X B) — Vp; + nmig + nveime (We — 4;)
0Ue
nMe y = —ne(E+ue X B) — Vpe +nmeg + nveime(0; — Ue)
0Vm .
Sum: pmwzij—Vp—l—pmg
(s 4 ) I, o _ (miui 4 meu)
Pm = i = P = Pe T Pi m Me + m;
j=ne(u —ue)
mime 0] , (E v B Veille )
Difference: e Ot Pm - ne? !

—mij X B —meV pi + miVpe

1
E+vy xB=nj- e(jXB—VPe)

n
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Next Lecture

* More: Piel / Chapter 5: “Fluid” Equations
- Equilibrium and force balance

= Alfvén wave



