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84 4 Stochastic Processes in a Plasma

loss per unit time. τcoll is the mean free time between two collisions defined in
Eq. (4.15).

The elastic scattering of electrons on atoms is almost isotropic [68]. Therefore, on
average, the electron loses its mean momentum mev̄e and we can write the equation
of motion for an average electron

m ˙̄v = −eE − mv̄νm . (4.25)

This average electron now moves in −E-direction. The quantity νm = 1/τcoll
is the effective collision frequency for momentum transfer. Because of the one-
dimensional motion, the vector symbol was dropped. The solution of this equation
of motion

v̄(t) = − eE
mνm

[
1 − e−νmt ]+ v(0)e−νmt (4.26)

has two parts: the first describes the approach to a terminal velocity

vd = − e
mνm

E = −µe E , (4.27)

the second the loss of memory on the initial velocity v0. The terminal velocity vd is
called the drift velocity, which is established when the electric field force is balanced
by the friction force. The mobilities of electrons and ions are defined as

µe = e
meνm,e

; µi = e
miνm,i

. (4.28)

4.3.2 Electrical Conductivity

The drift velocity of electrons and ions can be used to define the electric current
density

j = je + ji = n[(−e)vde + evdi] = ne(µe + µi)E = σ E . (4.29)

The linear relation between current density and electric field is the equivalent to
Ohm’s law. The quantity σ is the total conductivity1 of the gas discharge. Likewise
we define the conductivity of the electron and ion gas

σe,i = neµe,i = ne2

me,iνm
. (4.30)

1In the literature, the same symbol σ is used for the conductivity and the collision cross section,
or µ for the mobility and the magnetic moment, but confusion is unlikely because of the different
context

thermal velocities, i.e., u2 ! kTα/mα, kTβ/mβ ; and (6) anomalous transport
processes owing to microinstabilities are negligible.

Weakly Ionized Plasmas

Collision frequency for scattering of charged particles of species α by
neutrals is

να = n0σ
α|0
s (kTα/mα)1/2,

where n0 is the neutral density and σα\0
s is the cross section, typically ∼

5 × 10−15 cm2 and weakly dependent on temperature.
When the system is small compared with a Debye length, L ! λD , the

charged particle diffusion coefficients are

Dα = kTα/mανα,

In the opposite limit, both species diffuse at the ambipolar rate

DA =
µiDe − µeDi

µi − µe
=

(Ti + Te)DiDe

TiDe + TeDi
,

where µα = eα/mανα is the mobility. The conductivity σα satisfies σα =
nαeαµα.

In the presence of a magnetic field B the scalars µ and σ become tensors,

Jα = σσα · E = σα
‖ E‖ + σα

⊥E⊥ + σα
∧E × b,

where b = B/B and

σα
‖ = nαeα

2/mανα;

σα
⊥ = σα

‖ να
2/(να

2 + ω 2
cα);

σα
∧ = σα

‖ ναωcα/(να
2 + ω 2

cα).

Here σ⊥ and σ∧ are the Pedersen and Hall conductivities, respectively.
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Electrical Conductivity
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4.3 Transport

Transport processes in plasmas comprise mobility-limited motion, electric currents
described by conductivity, and free or ambipolar diffusion. Here, only steady-state
processes will be discussed. The section ends with a discussion of the influence of
a magnetic field on mobility.

4.3.1 Mobility and Drift Velocity

In a gas discharge with a low degree of ionization, the motion of electrons and ions
is governed by the applied electric field and collisions with the atoms of the back-
ground gas. Most of the electron collisions are elastic. Therefore, we will neglect
ionizing collisions in the calculation of friction forces. Because of the equal mass
of positive ions and atoms of the parent gas, the momentum exchange between the
heavy particles is very efficient. Besides elastic scattering, the process of charge
exchange plays an important role, in which a moving ion captures an electron and
leaves a slow ion behind. In the momentum balance this process is equivalent to a
head-on collision in a billiards game.

A cartoon of electron motion in a gas background is shown in Fig. 4.9. In the
collision between a light electron with a heavy atom the momentum transfer is small.
Rather, the incoming electrons experience a random redirection of their momentum.
The trajectory is a sequence of parabolic segments. Since we have no diagnostic to
follow the trajectories of individual electrons, we must be content with evaluating
the average motion of an ensemble of electrons.

The equation of motion for an individual electron can be written as

mev̇e = −eE +
∑

k

me!vkδ(t − tk) . (4.24)

Here me!vk is the momentum loss in the kth collision. By averaging this equation
over many collisions we obtain the mean drift velocity 〈ve〉. Then, the sum on the
r.h.s. of Eq. (4.24) becomes me〈!ve〉τ−1

coll, which represents the average momentum

Fig. 4.9 Cartoon of an
electron trajectory in a
homogeneous electric field.
The trajectory is interrupted
by elastic collisions with
neutral atoms

vd

E
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Collisional Diffusion
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This concept for the conductivity of a gas discharge is applicable at a low degree
of ionization ne/na. For a typical gas pressure of 1 mbar and room temperature the
atom density is na = 2.8 × 1022 m−3 whereas a typical electron density can be
ne ≤ 1019 m−3.

4.3.3 Diffusion

The average electron and ion motion in a gas discharge is determined by electric
field forces and by density gradients. The latter type of net motion is called diffusion.
What is diffusion on a microscopic scale? Let us consider a situation with a hot elec-
tron gas that has initially a density gradient in negative x-direction (see Fig. 4.10).

Since the electron thermal speed is much higher than that of the gas atoms we
assume that the gas atoms are at rest. Because of the density gradient it is evident
that per unit time more electrons will move to the right than to the left. This gives rise
to a net down-hill motion. However, this electron motion is inhibited by collisions
with the gas atoms. This combination of electron thermal motion and friction with
the neutral gas is described by a diffusion coefficient D. Again, we can only describe
the average motion in terms of a relation between the density gradient and a resulting
particle flux Γ e,i

Γ e,i = ne,iv̄e,i = −D∇ne,i , (4.31)

which is known as Fick’s law. Such relations were originally developed for neu-
tral gases, in which the motion of particles is determined by collisions with other
particles of the same species. In that situation, diffusion is the result from a greater
number of collision with neighboring particles of the same kind from the left than
from the right, which on average gives a net force directed down-hill.

Fig. 4.10 Cartoon of electron
diffusion in an electron
density gradient
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4.3.3.1 Ambipolar Diffusion

The situation for plasma electrons is quite different, because diffusion does not
mean that the electrons collide with other electrons. This effect can be neglected
for weakly coupled plasmas. Rather, as described above, the net motion is only
determined by their thermal motion and the inhomogeneous density distribution. In
this way, electron diffusion is similar to drift motion with the electron temperature—
together with the density gradient—providing the driving force. The same consid-
erations can be applied to ions.

Einstein had shown that diffusion coefficient and mobility are related by the
temperature of the gas

D
µ

= kBT
e

. (4.32)

This relation quantifies the arguments given above that electron diffusion in a neutral
gas background with a density gradient is driven by the temperature and inhibited
by electron-neutral collisions. Because the diffusion of electrons and ions leads to
different values of the particle fluxes, which would lead to unequal densities of
electrons and ions, the plasma reacts by forming a space charge electric field E .
This field reduces the electron diffusion and accelerates the ion diffusion until the
two fluxes reach a common value and the plasma remains macroscopically neutral.
This final state is called ambipolar diffusion when electrons and ions are lost at the
same rate and E is called the ambipolar electric field.

Figure 4.11 shows schematically how electron and ion density profiles in a
plasma look like under the influence of ambipolar diffusion. The difference between
the two profiles is exaggerated, for clarity. In the plasma center, a surplus of ions is
expected that generates a positive plasma potential in the plasma center because
electrons have the tendency to leave the system faster than ions. Therefore, a
slight surplus of electrons is found in the outer plasma region. The correspond-
ing space charge field E that accelerates the ions but slows down the electrons,
is indicated.

The particle fluxes for this diffusion process are given by

Γ e,i = ±nµe,iE − De,i∇n . (4.33)

Fig. 4.11 Cartoon of ion and
electron density profile for
ambipolar diffusion. The
plasma is bounded by walls at
x = ±a
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loss per unit time. τcoll is the mean free time between two collisions defined in
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4.3.2 Electrical Conductivity

The drift velocity of electrons and ions can be used to define the electric current
density

j = je + ji = n[(−e)vde + evdi] = ne(µe + µi)E = σ E . (4.29)

The linear relation between current density and electric field is the equivalent to
Ohm’s law. The quantity σ is the total conductivity1 of the gas discharge. Likewise
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1In the literature, the same symbol σ is used for the conductivity and the collision cross section,
or µ for the mobility and the magnetic moment, but confusion is unlikely because of the different
context
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of energy in excess of the accepted value. This accounts
for the additional energy term.
4. When a wave train travels down a tube, there is a

region of higher density (where the wave forms) fol-
lowed by a region of lower density. The density varia-
tion seems to be a basic feature of a traveling wave and
does not depend on the amplitude.
Two additional conclusions, hrst given by Schoch,

should be mentioned:
5. One may separate the relation between the energy

and the intensity into two parts. One is related to the
stored energy, while the other is related to the oscil-
latory energy.
6. As long as the total volume is held 6xed, the net

stored energy is zero. This does not mean that the
energy may not have a space distribution.

One would expect the eRect described in this paper to
be unimportant in liquids. Equation (4) is for an ideal
gas; however, corresponding forms exist in liquids. '
Combining the expression for water' with Eqs. (10a)
and (15a), one may see that Andrejew's terms are not
important. One might expect similar results for other
liquids. These calculations, however, have not been
made.
The author would like to thank Dr. Schoch for an

advance copy of his important paper, Miss A. Fogelgren
for assistance with the manuscript, and Miss D. Ruben-
feld for the illustrations. Finally, the author would like
to thank his wife for her encouragement.
'7 See,~for example, P. J. Westervelt, J. Acoust. Soc. Am. 22,

319 (19SO).
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Transport Phenomena in a Completely Ionized Gas*
LYMAN SPITZER) JR., AND RICHARD HAEM

Princeton University Observatory, Princeton, Rem Jersey
(Received November 10, 1952)

The coeKcients of electrical and thermal conductivity have been computed for completely ionized gases
with a wide variety of mean ionic charges. The eftect of mutual electron encounters is considered as a problem
of diffusion in velocity space, taking into account a term which previously had been neglected. The appro-
priate integro-differential equations are then solved numerically. The resultant conductivities are very
close to the less extensive results obtained with the higher approximations on the Chapman-Cowling method,
provided the Debye shielding distance is used as the cutoft in summing the effects of two-body encounters.

I. INTRODUCTION

A PREVIOUS paper by Cohen, Spitzer, and
Routly, ' referred to hereafter as CSR, presented

a new approach to the problem of transport phenomena
in a completely ionized gas. In eRect, the inQuence of
mutual electron encounters on the velocity distribution
function for electrons was considered as a problem of
diRusion in velocity space. In particular, the electrical
conductivity of an electron-proton gas was computed
in this way. However, the results were not exact, since
one term in the dBusion equation was neglected. In
the present paper, a solution of the complete diRusion
equation is obtained, and the results are extended to
completely ionized gases with diRerent mean nuclear
charges. Computations are carried out for the thermal
as well as the electrical conductivity.
In the first section below the general principles are

explained and justi6ed. Subsequent sections outline the
derivation of the equations, the method of solution, and
the results obtained.

*This work has been supported in part by the U. S. Atomic
Energy Commision.
' Cohen, Spitzer, and Routly, Phys. Rev. 80, 230 (1930).

I

II. GENERAL PRINCIPLES

The velocity distribution function f„(v) for particles
of type r is determined by the familiar Boltzmann equa-
tion, basic in all studies of this sort,

~f ~f (~f l+2'~- +ZF'- =Z.l
ag; ae„; ( at ),

where the notation in CSR has been followed. The
complexity of the problem arises entirely from the term
( ),f,c/ )t)„rhiwch gives the change in f„produced by
encounters of r particles with particles of type s.
To visualize the physical situation more accurately,

let us follow a single electron as it moves through the
gas. The random electrical fields encountered by the
electron will produce deRections and changes in ve-
locity. To some extent these helds can be described in
terms of separate two-body encounters; let b be the
impact parameter for such an encounter —the distance
of closest approach between the two particles in the
absence of any mutual force. The situation is char-
acterized by the values of the following four distances:
d, the mean distance from an electron to its nearest
neighbor; bo, the value of the collision parameter for
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Fig. 4.8 Geometry of an
electron-ion collision

mev = e2

4πε0b2

(
b
v

)
= e2

4πε0bv
(4.19)

and give an estimate for the impact parameter bπ/2 for 90◦ scattering

bπ/2 = e2

4πε0mev2 . (4.20)

The associated cross section for 90◦ collisions is σπ/2 = πb2
π/2 and the electron-ion

collision frequency becomes

νei = nσπ/2v = ne4

16πε2
0m2

ev
3

. (4.21)

We get an order-of-magnitude estimate for the plasma resistivity, η = meνei/ne2, at
a plasma temperature T when we assume v = (kBT/me)

1/2

η = πe2m1/2
e

(4πε0)2(kBT )3/2 . (4.22)

This rough estimate already shows that the resistivity is independent of the electron
density and scales with T −3/2. These simple arguments were based on large deflec-
tion angles. A more thorough treatment of the problem leads to the Spitzer resistivity
[67]

ηs = πe2m1/2
e

(4πε0)2(kBT )3/2 lnΛ . (4.23)

that contains a correction factor ln(Λ) ≈ ln(λD/bπ/2) = ln(4πND), called the
Coulomb logarithm that is related to the number of particles ND in a Debye sphere.

A hot plasma of T = 10 keV has a resistivity η = 5 · 10−10(m, which is lower
than the resistivity of copper ηCu = 2 · 10−8(m. This explains why a hot plasma
behaves like a nearly perfect conductor. We will discuss Coulomb collisions in more
detail in Chap. 10 on dusty plasmas.

Velocities

electron thermal velocity vT e = (kTe/me)1/2

= 4.19 × 107Te
1/2 cm/sec

ion thermal velocity vT i = (kTi/mi)
1/2

= 9.79 × 105µ−1/2Ti
1/2 cm/sec

ion sound velocity Cs = (γZkTe/mi)
1/2

= 9.79 × 105(γZTe/µ)1/2 cm/sec

Alfvén velocity vA = B/(4πnimi)
1/2

= 2.18 × 1011µ−1/2ni
−1/2B cm/sec

Dimensionless

(electron/proton mass ratio)1/2 (me/mp)1/2 = 2.33 × 10−2 = 1/42.9

number of particles in (4π/3)nλD
3 = 1.72 × 109T 3/2n−1/2

Debye sphere

Alfvén velocity/speed of light vA/c = 7.28µ−1/2ni
−1/2B

electron plasma/gyrofrequency ωpe/ωce = 3.21 × 10−3ne
1/2B−1

ratio

ion plasma/gyrofrequency ratio ωpi/ωci = 0.137µ1/2ni
1/2B−1

thermal/magnetic energy ratio β = 8πnkT/B2 = 4.03 × 10−11nTB−2

magnetic/ion rest energy ratio B2/8πnimic
2 = 26.5µ−1ni

−1B2

Miscellaneous
Bohm diffusion coefficient DB = (ckT/16eB)

= 6.25 × 106TB−1 cm2/sec

transverse Spitzer resistivity η⊥ = 1.15 × 10−14Z ln ΛT−3/2 sec

= 1.03 × 10−2Z ln ΛT−3/2 Ω cm

The anomalous collision rate due to low-frequency ion-sound turbulence is

ν* ≈ ωpeW̃/kT = 5.64 × 104ne
1/2W̃/kT sec−1,

where W̃ is the total energy of waves with ω/K < vT i.

Magnetic pressure is given by

Pmag = B2/8π = 3.98 × 106(B/B0)
2 dynes/cm2 = 3.93(B/B0)

2 atm,

where B0 = 10 kG = 1 T.
Detonation energy of 1 kiloton of high explosive is

WkT = 1012 cal = 4.2 × 1019 erg.

29

The transport coefficients in a simple two-component plasma (electrons
and singly charged ions) are tabulated below. Here ‖ and ⊥ refer to the di-
rection of the magnetic field B = bB; u = ve − vi is the relative streaming
velocity; ne = ni ≡ n; j = −neu is the current; ωce = 1.76 × 107B sec−1 and
ωci = (me/mi)ωce are the electron and ion gyrofrequencies, respectively; and
the basic collisional times are taken to be

τe =
3
√

me(kTe)3/2

4
√

2π nλe4
= 3.44 × 105 Te

3/2

nλ
sec,

where λ is the Coulomb logarithm, and

τi =
3
√

mi(kTi)
3/2

4
√
πnλe4

= 2.09 × 107 Ti
3/2

nλ
µ1/2 sec.

In the limit of large fields (ωcατα ' 1, α = i, e) the transport processes may
be summarized as follows:21

momentum transfer Rei= −Rie ≡ R = Ru + RT ;

frictional force Ru = ne(j‖/σ‖ + j⊥/σ⊥);

electrical σ‖ = 1.96σ⊥; σ⊥ = ne2τe/me;
conductivities

thermal force RT = −0.71n∇‖(kTe) −
3n

2ωceτe
b × ∇⊥(kTe);

ion heating Qi =
3me

mi

nk

τe
(Te − Ti);

electron heating Qe = −Qi − R · u;

ion heat flux qi = −κi
‖∇‖(kTi) − κi

⊥∇⊥(kTi) + κi
∧b × ∇⊥(kTi);

ion thermal κi
‖ = 3.9

nkTiτi

mi
; κi

⊥ =
2nkTi

miω 2
ci τi

; κi
∧ =

5nkTi

2miωci
;

conductivities
electron heat flux qe = qe

u
+ qe

T ;

frictional heat flux qe
u

= 0.71nkTeu‖ +
3nkTe

2ωceτe
b × u⊥;

thermal gradient qe
T = −κe

‖∇‖(kTe) − κe
⊥∇⊥(kTe) − κe

∧b × ∇⊥(kTe);
heat flux

electron thermal κe
‖ = 3.2

nkTeτe

me
; κe

⊥ = 4.7
nkTe

meω 2
ceτe

; κe
∧ =

5nkTe

2meωce
;

conductivities
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Fig. 4.8 Geometry of an
electron-ion collision
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and give an estimate for the impact parameter bπ/2 for 90◦ scattering

bπ/2 = e2

4πε0mev2 . (4.20)

The associated cross section for 90◦ collisions is σπ/2 = πb2
π/2 and the electron-ion

collision frequency becomes

νei = nσπ/2v = ne4

16πε2
0m2

ev
3

. (4.21)

We get an order-of-magnitude estimate for the plasma resistivity, η = meνei/ne2, at
a plasma temperature T when we assume v = (kBT/me)

1/2

η = πe2m1/2
e

(4πε0)2(kBT )3/2 . (4.22)

This rough estimate already shows that the resistivity is independent of the electron
density and scales with T −3/2. These simple arguments were based on large deflec-
tion angles. A more thorough treatment of the problem leads to the Spitzer resistivity
[67]

ηs = πe2m1/2
e

(4πε0)2(kBT )3/2 lnΛ . (4.23)

that contains a correction factor ln(Λ) ≈ ln(λD/bπ/2) = ln(4πND), called the
Coulomb logarithm that is related to the number of particles ND in a Debye sphere.

A hot plasma of T = 10 keV has a resistivity η = 5 · 10−10(m, which is lower
than the resistivity of copper ηCu = 2 · 10−8(m. This explains why a hot plasma
behaves like a nearly perfect conductor. We will discuss Coulomb collisions in more
detail in Chap. 10 on dusty plasmas.
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Coulomb Logarithm

Thermal Equilibration

If the components of a plasma have different temperatures, but no rela-
tive drift, equilibration is described by

dTα

dt
=

∑

β

ν̄α\β
ε (Tβ − Tα),

where

ν̄α\β
ε = 1.8 × 10−19 (mαmβ)1/2Zα

2Zβ
2nβλαβ

(mαTβ + mβTα)3/2
sec−1.

For electrons and ions with Te ≈ Ti ≡ T , this implies

ν̄e|i
ε /ni = ν̄i|e

ε /ne = 3.2 × 10−9Z2λ/µT 3/2cm3 sec−1.

Coulomb Logarithm

For test particles of mass mα and charge eα = Zαe scattering off field
particles of mass mβ and charge eβ = Zβe, the Coulomb logarithm is defined
as λ = ln Λ ≡ ln(rmax/rmin). Here rmin is the larger of eαeβ/mαβ ū2 and
h̄/2mαβū, averaged over both particle velocity distributions, where mαβ =

mαmβ/(mα + mβ) and u = vα −vβ ; rmax = (4π
∑

nγeγ
2/kTγ)−1/2, where

the summation extends over all species γ for which ū2 < vT γ
2 = kTγ/mγ . If

this inequality cannot be satisfied, or if either ūωcα
−1 < rmax or ūωcβ

−1 <
rmax, the theory breaks down. Typically λ ≈ 10–20. Corrections to the trans-
port coefficients are O(λ−1); hence the theory is good only to ∼ 10% and fails
when λ ∼ 1.

The following cases are of particular interest:

(a) Thermal electron–electron collisions

λee = 23.5 − ln(ne
1/2Te

−5/4) − [10−5 + (ln Te − 2)2/16]1/2

(b) Electron–ion collisions

λei = λie = 23 − ln
(
ne

1/2ZT−3/2
e

)
, Time/mi < Te < 10Z2 eV;

= 24 − ln
(
ne

1/2T−1
e

)
, Time/mi < 10Z2 eV < Te

= 30 − ln
(
ni

1/2Ti
−3/2Z2µ−1

)
, Te < TiZme/mi.

(c) Mixed ion–ion collisions

λii′ = λi′i = 23 − ln

[
ZZ′(µ + µ′)

µTi′ + µ′Ti

(
niZ

2

Ti
+

ni′Z
′2

Ti′

)1/2
]

.
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Ambipolar Diffusion

86 4 Stochastic Processes in a Plasma

4.3.3.1 Ambipolar Diffusion

The situation for plasma electrons is quite different, because diffusion does not
mean that the electrons collide with other electrons. This effect can be neglected
for weakly coupled plasmas. Rather, as described above, the net motion is only
determined by their thermal motion and the inhomogeneous density distribution. In
this way, electron diffusion is similar to drift motion with the electron temperature—
together with the density gradient—providing the driving force. The same consid-
erations can be applied to ions.

Einstein had shown that diffusion coefficient and mobility are related by the
temperature of the gas

D
µ

= kBT
e

. (4.32)

This relation quantifies the arguments given above that electron diffusion in a neutral
gas background with a density gradient is driven by the temperature and inhibited
by electron-neutral collisions. Because the diffusion of electrons and ions leads to
different values of the particle fluxes, which would lead to unequal densities of
electrons and ions, the plasma reacts by forming a space charge electric field E .
This field reduces the electron diffusion and accelerates the ion diffusion until the
two fluxes reach a common value and the plasma remains macroscopically neutral.
This final state is called ambipolar diffusion when electrons and ions are lost at the
same rate and E is called the ambipolar electric field.

Figure 4.11 shows schematically how electron and ion density profiles in a
plasma look like under the influence of ambipolar diffusion. The difference between
the two profiles is exaggerated, for clarity. In the plasma center, a surplus of ions is
expected that generates a positive plasma potential in the plasma center because
electrons have the tendency to leave the system faster than ions. Therefore, a
slight surplus of electrons is found in the outer plasma region. The correspond-
ing space charge field E that accelerates the ions but slows down the electrons,
is indicated.

The particle fluxes for this diffusion process are given by

Γ e,i = ±nµe,iE − De,i∇n . (4.33)

Fig. 4.11 Cartoon of ion and
electron density profile for
ambipolar diffusion. The
plasma is bounded by walls at
x = ±a
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loss per unit time. τcoll is the mean free time between two collisions defined in
Eq. (4.15).

The elastic scattering of electrons on atoms is almost isotropic [68]. Therefore, on
average, the electron loses its mean momentum mev̄e and we can write the equation
of motion for an average electron

m ˙̄v = −eE − mv̄νm . (4.25)

This average electron now moves in −E-direction. The quantity νm = 1/τcoll
is the effective collision frequency for momentum transfer. Because of the one-
dimensional motion, the vector symbol was dropped. The solution of this equation
of motion

v̄(t) = − eE
mνm

[
1 − e−νmt ]+ v(0)e−νmt (4.26)

has two parts: the first describes the approach to a terminal velocity

vd = − e
mνm

E = −µe E , (4.27)

the second the loss of memory on the initial velocity v0. The terminal velocity vd is
called the drift velocity, which is established when the electric field force is balanced
by the friction force. The mobilities of electrons and ions are defined as

µe = e
meνm,e

; µi = e
miνm,i

. (4.28)

4.3.2 Electrical Conductivity

The drift velocity of electrons and ions can be used to define the electric current
density

j = je + ji = n[(−e)vde + evdi] = ne(µe + µi)E = σ E . (4.29)

The linear relation between current density and electric field is the equivalent to
Ohm’s law. The quantity σ is the total conductivity1 of the gas discharge. Likewise
we define the conductivity of the electron and ion gas

σe,i = neµe,i = ne2

me,iνm
. (4.30)

1In the literature, the same symbol σ is used for the conductivity and the collision cross section,
or µ for the mobility and the magnetic moment, but confusion is unlikely because of the different
context
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Collisional Drift Velocity in (E,B) Field
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Conductivity in a Magnetized Plasma

4.3 Transport 91

v̄x = νm,i"x = Ex

Bz

ωci/νm,i

1 + (ωci/νm,i)2 = µi Ex

1 + (ωci/νm,i)2

v̄y = νm,i"y = − Ex

Bz

(ωci/νm,i)
2

1 + (ωci/νm,i)2 (4.46)

Here, µi = e(mνm,i)
−1 is the ion mobility. The resulting velocities v̄x and v̄y are

plotted in Fig. 4.16 as a function of the Hall parameter. ωci/νm,i, which describes
the number of gyro periods between two collisions. The Hall effect in solid matter
was discovered, in 1879, by Edwin Hall (1855–1938). When ωci/νm,i " 1, the ions
experience only few collisions and the velocity v̄y approaches the E×B velocity
while v̄x → 0. This is the limit of a magnetized plasma. In the opposite limit,
ωci/νm,i " 1, the ion motion is preferentially in x-direction and approaches the
collisional result v̄x = µi Ex of the unmagnetized plasma.

Instead of particle velocities we can also consider current densities, which lead
to the ion conductivity tensor in a collisional magnetized plasma




jx
jy
jz



 = σi





1
1 + (ωci/νm,i)2

ωci/νm,i

1 + (ωci/νm,i)2 0

−ωci/νm,i

1 + (ωci/νm,i)2

1
1 + (ωci/νm,i)2 0

0 0 1




·




Ex
Ey
Ez



 . (4.47)

Here, σi = ne2/(miνm,i) is the ion conductivity in the unmagnetized plasma. The
current in electric field direction is called the Pedersen current and the cross-field
current the Hall current. The current along the magnetic field is the same as in the
unmagnetized case. Similar expressions can be derived for electrons, in which the
ratio ωce/νm,e determines the direction of the current.

In the ionosphere, the conductivity parallel to the field lines is several orders of
magnitude higher than the Hall and Pedersen conductivities. Therefore, magnetic
field lines connecting the ionosphere with the magnetosphere can be considered
as wires that transport current between these regions. Moreover, magnetic field

Fig. 4.16 Normalized ion
velocities in a crossed field
situation with collisions

Pedersen Hall
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Hall Effect Thruster

92 4 Stochastic Processes in a Plasma

lines become essentially equipotentials because the perpendicular components of
the electric field become larger than the parallel electric fields.

In summary, the ion motion in crossed electric and magnetic fields under the
influence of collisions is the proper model to discuss the transition from unmagne-
tized ions to magnetized ions. The essential parameter is the ion Hall parameter
ωci/νm,i = µi B, which determines the amount of Hall motion. When the Hall
parameter is small, collisions dominate over gyromotion and the ions are unmag-
netized. When it becomes large, the ions are magnetized. The same terminology
applies to the electrons. When both electrons and ions are magnetized, the entire
plasma is called magnetized. The following example shows that a plasma with mag-
netized electrons but unmagnetized ions has interesting new properties.

4.3.5 Application: Cross-Field Motion in a Hall Ion Thruster

Modern ion thrusters for small spacecrafts make use of the plasma Hall effect
described in the previous Section. Such a device (as described in the review [69]
and in references therein) was used for ESA’s Earth-to-Moon mission SMART-1
[70, 71]. The principle of this device is shown in Fig. 4.17. The plasma is created
inside an annular gap that contains a metallic anode through which the propellant
gas (xenon) is introduced. The walls of the plasma gap are insulated with ceramics.
The most important part of this device is the magnetic circuit, consisting of mag-
nets and ferromagnetic discs (hatched areas), which produces a localized transverse
magnetic field near the exit of the plasma channel. A dc discharge is operated by
applying a high voltage between an electron gun and the anode. The electron gun

Fig. 4.17 Hall-effect plasma
thruster. The plasma channel
of the SPT100ML thruster
has 69 and 100 mm inner and
outer diameter, and 25 mm
length. The mean radial
magnetic field is
Br = 160 mT. The discharge
is operated at Ud = 300 V
and Id = 4.2 A, giving a
thrust of 80 mN. (Reprinted
from [69] with permission.
c© 2004, IOP Publishing

Ltd.)
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Ohm’s Law (Part 1)
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(“Classical”) Transport in a Magnetized Plasma
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http://www.iter.org/

• Culmination of 50 years of 
magnetic fusion research

• 500 MW fusion power for 7 min 
pulses

• EU, Japan, Russia, China,  
S Korea, India, USA

• At least 22B US$ (14B US$ 
official), the most ambitious 
international science project ever

• 23,000 tons (tokamak only), or 
$1M/ton
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P(plasma) = 3 n k T = 4.3 atm 
n = 1.0E20 m3 

T = 9 keV 
pFusion = 1.5 MW/m3 

B = 5.3 T 
P(mag) = 110 atm 

β = 4.3/110 ~ 3.9% 

τ = 3.7 s 
a ~ 2.5 m

23

Thousands faster than 
“classical”



Fusion Gain & Ignition

THERMONUCLEAR FUSION26

Natural abundance of isotopes:

hydrogen nD/nH = 1.5 × 10−4

helium nHe3/nHe4 = 1.3 × 10−6

lithium nLi6/nLi7 = 0.08

Mass ratios: me/mD = 2.72 × 10−4 = 1/3670

(me/mD)1/2= 1.65 × 10−2 = 1/60.6
me/mT = 1.82 × 10−4 = 1/5496

(me/mT )1/2= 1.35 × 10−2 = 1/74.1

Absorbed radiation dose is measured in rads: 1 rad = 102 erg g−1. The curie
(abbreviated Ci) is a measure of radioactivity: 1 curie = 3.7×1010 counts sec−1.

Fusion reactions (branching ratios are correct for energies near the cross section
peaks; a negative yield means the reaction is endothermic):27

(1a) D + D −−−−→
50%

T(1.01 MeV) + p(3.02 MeV)

(1b) −−−−→
50%

He3(0.82 MeV) + n(2.45 MeV)

(2) D + T −−−−→He4(3.5 MeV) + n(14.1 MeV)

(3) D + He3−−−−→He4(3.6 MeV) + p(14.7 MeV)

(4) T + T −−−−→He4 + 2n + 11.3 MeV

(5a) He3 + T−−−−→
51%

He4 + p + n + 12.1 MeV

(5b) −−−−→
43%

He4(4.8 MeV) + D(9.5 MeV)

(5c) −−−−→
6%

He5(2.4 MeV) + p(11.9 MeV)

(6) p + Li6 −−−−→He4(1.7 MeV) + He3(2.3MeV)

(7a) p + Li7 −−−−→
20%

2 He4 + 17.3 MeV

(7b) −−−−→
80%

Be7 + n − 1.6 MeV

(8) D + Li6 −−−−→2He4 + 22.4 MeV

(9) p + B11 −−−−→3 He4 + 8.7 MeV

(10) n + Li6 −−−−→He4(2.1 MeV) + T(2.7MeV)

The total cross section in barns (1 barn = 10−24 cm2) as a function of E, the
energy in keV of the incident particle [the first ion on the left side of Eqs.
(1)–(5)], assuming the target ion at rest, can be fitted by28

σT (E) =
A5 +

[
(A4 − A3E)2 + 1

]−1
A2

E
[
exp(A1E−1/2) − 1

]
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in Eq. (4.59). This is the reason why all parts of the fusion device, which may get
into contact with the plasma, are made of low-Z material, e.g., graphite.

4.4.2.2 Nuclear Reaction Rate

Let us assume, for simplicity, that the plasma is made of 50% deuterium and 50%
tritium ions. The reaction rate between the two ion species is given by

SDT = nDnT〈σDTv〉 = nDnT

∫
F ′

M(W )σDT(W ) dW . (4.60)

The expression is similar to the ionization rate Eq. (4.18), but we have to bear in
mind that this calculation requires the proper relative velocity of reaction partners,
which have similar mass. F ′

M(W ) is the energy distribution function Eq. (4.9), but
normalized to unity. This can be done by using the reduced mass of the deuterium–
tritium system in the Maxwell distribution. The reaction rates in Fig. 4.20 are cal-
culated in this way [38]. The power from this reaction is PDT = SDT QDT. Here,
QDT = 17.6 MeV is the sum of the energies in the α-particle and in the neutron.

The D–T reaction attains appreciable values for ion temperatures of the order of
10 keV. Although the maximum of the D–T fusion cross-section (Fig. 1.10) is only
reached at ≈ 70 keV, the plasma temperature can be considerably below this value.
We had observed a similar tendency for the electron temperature and ionization
threshold in Sect. 4.2.3.

Fig. 4.20 Rate of fusion
processes as a function of ion
temperature (from [38])
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–
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–
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where the Duane coefficients Aj for the principle fusion reactions are as follows:

D–D D–D D–T D–He3 T–T T–He3

(1a) (1b) (2) (3) (4) (5a–c)

A1 46.097 47.88 45.95 89.27 38.39 123.1

A2 372 482 50200 25900 448 11250

A3 4.36 × 10−4 3.08 × 10−4 1.368 × 10−2 3.98 × 10−3 1.02 × 10−3 0

A4 1.220 1.177 1.076 1.297 2.09 0

A5 0 0 409 647 0 0

Reaction rates σv (in cm3 sec−1), averaged over Maxwellian distributions:

Temperature D–D D–T D–He3 T–T T–He3

(keV) (1a + 1b) (2) (3) (4) (5a–c)

1.0 1.5 × 10−22 5.5 × 10−21 10−26 3.3 × 10−22 10−28

2.0 5.4 × 10−21 2.6 × 10−19 1.4 × 10−23 7.1 × 10−21 10−25

5.0 1.8 × 10−19 1.3 × 10−17 6.7 × 10−21 1.4 × 10−19 2.1 × 10−22

10.0 1.2 × 10−18 1.1 × 10−16 2.3 × 10−19 7.2 × 10−19 1.2 × 10−20

20.0 5.2 × 10−18 4.2 × 10−16 3.8 × 10−18 2.5 × 10−18 2.6 × 10−19

50.0 2.1 × 10−17 8.7 × 10−16 5.4 × 10−17 8.7 × 10−18 5.3 × 10−18

100.0 4.5 × 10−17 8.5 × 10−16 1.6 × 10−16 1.9 × 10−17 2.7 × 10−17

200.0 8.8 × 10−17 6.3 × 10−16 2.4 × 10−16 4.2 × 10−17 9.2 × 10−17

500.0 1.8 × 10−16 3.7 × 10−16 2.3 × 10−16 8.4 × 10−17 2.9 × 10−16

1000.0 2.2 × 10−16 2.7 × 10−16 1.8 × 10−16 8.0 × 10−17 5.2 × 10−16

For low energies (T <∼ 25 keV) the data may be represented by

(σv)DD = 2.33 × 10−14T−2/3 exp(−18.76T−1/3) cm3 sec−1;

(σv)DT = 3.68 × 10−12T−2/3 exp(−19.94T−1/3) cm3 sec−1,

where T is measured in keV.

The power density released in the form of charged particles is

PDD = 3.3 × 10−13nD
2(σv)DD watt cm−3 (including the subsequent

D–T reaction);
PDT = 5.6 × 10−13nDnT (σv)DT watt cm−3;

PDHe3 = 2.9 × 10−12nD nHe3 (σv)DHe3 watt cm−3.
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(me/mD)1/2= 1.65 × 10−2 = 1/60.6
me/mT = 1.82 × 10−4 = 1/5496

(me/mT )1/2= 1.35 × 10−2 = 1/74.1

Absorbed radiation dose is measured in rads: 1 rad = 102 erg g−1. The curie
(abbreviated Ci) is a measure of radioactivity: 1 curie = 3.7×1010 counts sec−1.

Fusion reactions (branching ratios are correct for energies near the cross section
peaks; a negative yield means the reaction is endothermic):27

(1a) D + D −−−−→
50%

T(1.01 MeV) + p(3.02 MeV)

(1b) −−−−→
50%

He3(0.82 MeV) + n(2.45 MeV)

(2) D + T −−−−→He4(3.5 MeV) + n(14.1 MeV)

(3) D + He3−−−−→He4(3.6 MeV) + p(14.7 MeV)

(4) T + T −−−−→He4 + 2n + 11.3 MeV

(5a) He3 + T−−−−→
51%

He4 + p + n + 12.1 MeV

(5b) −−−−→
43%

He4(4.8 MeV) + D(9.5 MeV)

(5c) −−−−→
6%

He5(2.4 MeV) + p(11.9 MeV)

(6) p + Li6 −−−−→He4(1.7 MeV) + He3(2.3MeV)

(7a) p + Li7 −−−−→
20%

2 He4 + 17.3 MeV

(7b) −−−−→
80%

Be7 + n − 1.6 MeV

(8) D + Li6 −−−−→2He4 + 22.4 MeV

(9) p + B11 −−−−→3 He4 + 8.7 MeV

(10) n + Li6 −−−−→He4(2.1 MeV) + T(2.7MeV)

The total cross section in barns (1 barn = 10−24 cm2) as a function of E, the
energy in keV of the incident particle [the first ion on the left side of Eqs.
(1)–(5)], assuming the target ion at rest, can be fitted by28

σT (E) =
A5 +

[
(A4 − A3E)2 + 1

]−1
A2

E
[
exp(A1E−1/2) − 1

]

44

where the Duane coefficients Aj for the principle fusion reactions are as follows:

D–D D–D D–T D–He3 T–T T–He3

(1a) (1b) (2) (3) (4) (5a–c)

A1 46.097 47.88 45.95 89.27 38.39 123.1

A2 372 482 50200 25900 448 11250

A3 4.36 × 10−4 3.08 × 10−4 1.368 × 10−2 3.98 × 10−3 1.02 × 10−3 0

A4 1.220 1.177 1.076 1.297 2.09 0

A5 0 0 409 647 0 0

Reaction rates σv (in cm3 sec−1), averaged over Maxwellian distributions:

Temperature D–D D–T D–He3 T–T T–He3

(keV) (1a + 1b) (2) (3) (4) (5a–c)

1.0 1.5 × 10−22 5.5 × 10−21 10−26 3.3 × 10−22 10−28

2.0 5.4 × 10−21 2.6 × 10−19 1.4 × 10−23 7.1 × 10−21 10−25

5.0 1.8 × 10−19 1.3 × 10−17 6.7 × 10−21 1.4 × 10−19 2.1 × 10−22

10.0 1.2 × 10−18 1.1 × 10−16 2.3 × 10−19 7.2 × 10−19 1.2 × 10−20

20.0 5.2 × 10−18 4.2 × 10−16 3.8 × 10−18 2.5 × 10−18 2.6 × 10−19

50.0 2.1 × 10−17 8.7 × 10−16 5.4 × 10−17 8.7 × 10−18 5.3 × 10−18

100.0 4.5 × 10−17 8.5 × 10−16 1.6 × 10−16 1.9 × 10−17 2.7 × 10−17

200.0 8.8 × 10−17 6.3 × 10−16 2.4 × 10−16 4.2 × 10−17 9.2 × 10−17

500.0 1.8 × 10−16 3.7 × 10−16 2.3 × 10−16 8.4 × 10−17 2.9 × 10−16

1000.0 2.2 × 10−16 2.7 × 10−16 1.8 × 10−16 8.0 × 10−17 5.2 × 10−16

For low energies (T <∼ 25 keV) the data may be represented by

(σv)DD = 2.33 × 10−14T−2/3 exp(−18.76T−1/3) cm3 sec−1;

(σv)DT = 3.68 × 10−12T−2/3 exp(−19.94T−1/3) cm3 sec−1,

where T is measured in keV.

The power density released in the form of charged particles is

PDD = 3.3 × 10−13nD
2(σv)DD watt cm−3 (including the subsequent

D–T reaction);
PDT = 5.6 × 10−13nDnT (σv)DT watt cm−3;

PDHe3 = 2.9 × 10−12nD nHe3 (σv)DHe3 watt cm−3.
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Bremsstrahlung from hydrogen-like plasma:26

(30) PBr = 1.69 × 10−32NeTe
1/2

∑[
Z2N(Z)

]
watt/cm3,

where the sum is over all ionization states Z.

Bremsstrahlung optical depth:41

(31) τ = 5.0 × 10−38NeNiZ
2gLT−7/2,

where g ≈ 1.2 is an average Gaunt factor and L is the physical path length.

Inverse bremsstrahlung absorption coefficient42 for radiation of angular fre-
quency ω:

(32) κ = 3.1 × 10−7Zne
2 ln Λ T−3/2ω−2(1 − ω2

p/ω2)−1/2 cm−1;

here Λ is the electron thermal velocity divided by V , where V is the larger of
ω and ωp multiplied by the larger of Ze2/kT and h̄/(mkT )1/2.

Recombination (free-bound) radiation:

(33) Pr = 1.69 × 10−32NeTe
1/2

∑[
Z2N(Z)

(
EZ−1

∞
Te

)]
watt/cm3.

Cyclotron radiation26 in magnetic field B:

(34) Pc = 6.21 × 10−28B2NeTe watt/cm3.

For NekTe = NikTi = B2/16π (β = 1, isothermal plasma),26

(35) Pc = 5.00 × 10−38N2
e T 2

e watt/cm3.

Cyclotron radiation energy loss e-folding time for a single electron:41

(36) tc ≈
9.0 × 108B−2

2.5 + γ
sec,

where γ is the kinetic plus rest energy divided by the rest energy mc2.

Number of cyclotron harmonics41 trapped in a medium of finite depth L:

(37) mtr = (57βBL)1/6,

where β = 8πNkT/B2.

Line radiation is given by summing Eq. (9) over all species in the plasma.
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but…
Classical Confinement does not describe Magnetized Fusion Plasma

D = β (η/μ0) 

T = 9 keV 
η ~ 1.7E-9 Ohm-m 
η/μ0 ~ 0.001 m2/s 

τ ~ 4 a2/D ~ 700,000 sec 
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Homework #4 (Ch. 4)

• Fitzpatrick: Read Chapter 3 about collisions, and discuss the meaning of 
“Rosenbluth Potentials” and the collision operator in Eq. 3.112 

• Piel: All nine problems in Ch. 4 (answers in back of text)
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Wednesday’s Lecture: “Virtual”

• Piel / Chapter 5: “Fluid” Equations

• and the equations describing the large-scale dynamics of 
plasma

(Prof. Mauel is away at a conference) 
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