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Outline
• Homework #2 

• Charged Particle Drifts (Summary) 

• Gyro-averaging 

• More details from last week 

• Adiabatic Invariants (Part 1) 

• Examples (Part 2):  

• Mirror 

• Magnetosphere (dipole) 

• Tokamak
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and for trapped particles with ρ/L << 1, 
(µ, J, Φ) ~ adiabatic invariants

Gyro Motion (Summary)
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= gyro phase

= (1st) adiabatic invariant



Gyroaveraging: Piel Sec. 3.2
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Key “multiple timescale”  
approximation…

Taylor expansion…

Average over gyro phase…



Gyroaveraging: Fitzpatrick Sec. 2.3
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“Multiple timescale” approximation…Multiple Timescales…

τ = fast 
t = slow

Average over  
gyro phase…



Separating the Vector E.O.M.
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Fast Gyromotion 
(Separately)

gyrophase 
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Slow Drift 
(Separately)
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a(t) slowly…
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a(t) slowly…
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Polarization Drift: Plasma Capacitor

See: A. L. Peratt, H. H. Kuehl; Plasma Capacitor in a Magnetic Field. Phys. 
Fluids (1972); 15 (6): 1117–1127; https://doi.org/10.1063/1.1694037

>> 1
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Motion with a slowly varying B…
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Use Bernstein’s notation…
(See “handout”: http://sites.apam.columbia.edu/courses/apph6101x/Plasma1-Adiabatic-Handout.pdf)

http://sites.apam.columbia.edu/courses/apph6101x/Plasma1-Adiabatic-Handout.pdf


B(x) changing slowly…

(1) (2) (3)
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Drifts (separately)
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Drifts (separately)

15



Drifts (separately)
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Drifts (separately)

!!
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Gradient-B Drift

!!
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(Parallel to B) Mirroring…
!!
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(Perpendicular to B) 
Curvature Drift

!!
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Curvature Drift

!!
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Adiabatic Invariants (Part 1)

(µ, J,  )
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See Fitzpatrick Sec. 2.8



Harmonic Oscillator
• Separate descriptions of perpendicular and parallel motion 

• Fast gyration around B 

• Slow perpendicular drift of gyro center
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Hamiltonian for an Oscillator
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Hamiltonian for an Oscillator
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Hamiltonian for an Oscillator
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Very nice!



Adiabatic Invariants (Part 1)

(µ, J,  )
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See Fitzpatrick Sec. 2.8



What happens when ω(t) changes slowly with time?

• Separate descriptions of 
perpendicular and parallel 
motion 

• Fast gyration around B 

• Slow perpendicular drift of 
gyro center
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Order by Order with ⌫̇/⌫ ⌧ 1
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Order by Order with ⌫̇/⌫ ⌧ 1

but, how does energy and amplitude change with frequency?
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Understanding the Energy/Amplitude
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Understanding the Energy/Amplitude
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d/dt (…) = 0



Understanding the Energy/Amplitude
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How Good are Adiabatic Invariants?
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How Good are Adiabatic Invariants?

Answer:
Exponentially good
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Drift Hamiltonian
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Examples of Confined Orbits (Part 2)
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Banana ~  
Poloidal Gyroradiusgyration :: bounce :: toroidal precession 

1 :: ρ/R :: (ρ/R)2 
Fast :: Not so fast :: “Slow”



Toroidal Magnetic Field
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Toroidal Magnetic Field
|B| varies along the magnetic field
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Toroidal Magnetic Field
Trapped and Passing Particles
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Toroidal Magnetic Field
How Many Trapped Particles?
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Toroidal Magnetic Field
Bounce Motion
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Toroidal Magnetic Field
Drift Motion
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Toroidal Magnetic Field
Drift Motion
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Toroidal Magnetic Field
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Banana Orbits

Poloidal Gyroradius



Toroidal Magnetic Field
Passing Orbits
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ωp = poloidal “cyclotron” frequency



Depending upon turning point, toroidal drift reverses!

Toroidal Magnetic Field
Toroidal Precession Frequency
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Homework #3

• Fitzpatrick: Exercise #1 in Chapter 2 

• Piel: All seven problems in Ch. 3 (answers in back of text)
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Next Lecture

• Piel / Chapter 4: Stochastic Processes in Plasma 

• Distribution function  

• Collisions
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