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Outline

Homework #2
» Examples (Part 2):

Charged Particle Drifts (Summary)
+ Mirror
Gyro-averaging
+ Magnetosphere (dipole)
More details from last week
+ Tokamak
Adiabatic Invariants (Part 1)



Gyro Motion (Summary)

- =f L Sewe 4 £, € M&] @(’e% ot/ Rle?) + 4 =gyrophase

-+

7 - 20 ) mj_
. ¥ A ___;”)E ? M

J — m-w:f?x : = -

and for trapped particles with o/ << 1,
(U, J, @) ~ adiabatic invariants



Gyroaveraging: Piel Sec. 3.2

Key "multiple timescale”
approximation...
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Average over gyro phase...



Gyroaveraging: Fitzpatrick Sec. 2.3

"Multiple timescale” approximation...

Multiple Timescales...
oz 10z
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L VP T = fast
o €0t - Teslow %=FO(Z,t)+EFI(Z.t)+£2F2(Z,t)+---,
z(t,7) =L(t) + e (1,1, 7). Average over

gyro phase... dZ.
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Evidently, the secular motion of the “guiding center” position Z 1s determined to
lowest order by the average of the “force™ f, and to next order by the correlation
between the oscillation 1n the “position” z and the oscillation 1n the spatial gradient

of the “force.”
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Separating the Vector E.O.M.




Fast Gyromotion

(Separately)




Slow Drift

(Separately)
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SO

alt) slowly...
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Polarization Drift: Plasma Capacitor

CONDUCTING PLATE

GLASS WALL
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\Viotion with a slowly varylng B...

&wﬂ,

Guiding Center

origin

Use Bernstein’s notation...
( See ‘handout”: http.:/sites.apam.columbia.edu/courses/apph6101x/Plasma 1-Adiabatic-Handout.pdf)
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http://sites.apam.columbia.edu/courses/apph6101x/Plasma1-Adiabatic-Handout.pdf

B(X) changing slowly...
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Drifts (separately
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Drifts (separately

oy = e D
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Drifts (separate
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Gradient-B Drift
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Parallel to B) Mirroring...




(Perpendicular to B)
Curvature Drift




urvature Drift




Adiabatic Invariants (Part 1)

(1, J, V)

See Fitzpatrick Sec. 2.8



Harmonic Oscillator 42 + .«

Separate descriptions of perpendicular and parallel motion [ U= e osTAT

Fast gyration around B

Slow perpendicular drift of gyro center
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Hamiltonian for an Oscillator
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Hamiltonian for an Oscillator
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Hamiltonian for an Oscillator
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Adiabatic Invariants (Part 1)

(1, J, V)

See Fitzpatrick Sec. 2.8



What happens when w(t) changes slowly with time?

LETS S Ao

+ Separate descriptions of

perpendicular and parallel X(¢)= x(¢ &)
motion
At ax
» Fast gyration around B o ~°
A% 2

» Slow perpendicular drift of
gyro center




Order by Order with /v <« 1
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Order by Order with 7/v < 1
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but, how does energy and amplitude change with frequency?
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Understanding the Energy/Amplitude
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Understanding the Energy/Amplitude
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Understanding the Energy/Amplitude




How Good are Adiabatic Invariants?
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How Good are Adiabatic Invariants?

Answer:
Exponentially good
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Nonadiabaticity in mirror machines

Phys. Fluids 21(4) April 1978
Ronald H. Cohen, George Rowlands,® and James H. Foote

Lawrence Livermore Laboratory, University of California, Livermore, California 94350
(Received 14 February 1977; final manuscript received 25 October 1977)
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FIG. 1. Ap/p versus »”! for the model field defined by Eqgs.
(21) and (29) with L =20.2 cm, By =10 kG, Protons are started
at 2=0, ;=3 cm with v, radial, »/y=0.544,
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Drift Hamiltonian

B=VaxWVy

1 ,eB? Quc ’
H(p..,a,d),x)’zpﬁ‘_""*e‘B*‘cd’; B=Vx+ B8Viy+yWa.,

then Vx+(Va X V) =B

_c_il__a_l_{ dp,,= 0H dy 8H du 0H

dt  8p,’ dt ax’ dt dsa’ dt 9y °

The adiabatic invariance of J,

7=2 [ po,ax= [ mv,ar,

then follows from the standard classical mechanics?
treatment. The Hamiltonian is just the energy EF times

c¢/e and it is conserved.

Guiding center drift equations
Allen H. Boozer 37

Phys. Fluids 23(5), May 1980



Examples of Confined Orbits (Part 2)
‘

iR -u'-l AN

| l
Tra pp
Particle Orbi!

Guiding — Center Orbil
Banana ~

gyration :: bounce :: toroidal precession Poloidal Gyroradius
1::p/R:: (p/R)?
Fast :: Not so fast :: "Slow”
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Tor0|dal Magnetic Field
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Tor0|dal Viagnetic Field

B/ varies along the magnetic field
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Toroigal Magnetic Field

Trapped and Passing Particles
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Toroigal Magnetic Field

How Many Trapped Particles?

42



Toroidal Magnetic Fiela

Bounce Motion
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Toroigal Magnetic Field
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Toroigal Magnetic Field

Drift Motion
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Banana Orbits

Toroidal Magnetic Fielg
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Toroidal Magnetic Fiela

Passing Orbits

wp = poloidal “cyclotron” frequency

v /
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Toroigal Magnetic Field

Toroidal Precession Frequency
(),LJ”} ;?.;:\) Ao rc = -Aexy




Homework #3

» Fitzpatrick: Exercise #1 in Chapter 2

* Piel: All seven problems in Ch. 3 (answers in back of text)
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Next Lecture

» Piel / Chapter 4: Stochastic Processes in Plasma
» Distribution function

» Collisions
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