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Outline
• Motion induced by electric oscillations without a magnetic field


• Motion induced by electric oscillations with a magnetic field


• Charged Particle Drifts in a uniform magnetic field


• Charged Particle Drifts in a slowly varying magnetic field


• Adiabatic Invariants
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Oscillations without Magnetic Field

Highest laser intensity in lab is now 1023 W/cm2 (!)
Hui Chen and Frederico Fiuza, Phys. Plasmas 1 February 2023; 30 (2): 020601. https://doi.org/10.1063/5.0134819

Nobel Prize in Physics 2018 half jointly to Gérard Mourou and Donna Strickland 
"for their method of generating high-intensity, ultra-short optical pulses"

https://www.nobelprize.org/prizes/physics/2018/summary/
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Oscillations with Static Magnetic Field
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Charged particle motion in uniform/inhomogeneous, static and slowly-varying 
electric and magnetic fields

Part 1: Gyromotion in Uniform Field

48 3 Single Particle Motion in Electric and Magnetic Fields

The magnetic induction B(r) of a dipole field is given by the expression

B(r) = µ0

4π
3r(r · M) − r2M

r5 . (3.6)

Here r is a vector pointing from the magnetic dipole to the field point. At the author’s
location (54.3◦ N.; 10.1◦ E), the Earth magnetic field has a horizontal component
Bh = 17, 700 nT and a vertical component Bv = −46, 150 nT.

3.1.4 E×B Drift

When we now allow for a stationary and homogeneous electric field, we can choose
the orientation of our coordinate system, without loss of generality, to have electric
and magnetic field in the x-y plane, E = (Ex , 0, Ez) and B = (0, 0, Bz). In this
case, Newton’s equation of motion reads

v̇x = q
m

(
Ex + vy Bz

)

v̇y = q
m

(−vx Bz)

v̇z = q
m

Ez . (3.7)

The motion along the magnetic field is now accelerated but independent of the
motion in the x-y plane. According to the principle of superposition of motions,
we can consider both effects separately. For the x-y plane, the motion can again be
decomposed

v̈x = −ω2
cvx

v̈y = −ω2
c (vy + Ex/Bz) . (3.8)

Again, we find a harmonic oscillation in x-direction, but the motion in y-direction
is more complex. In a moving frame of reference, ṽy = vy + Ex/Bz , which moves
at a constant velocity −Ex/Bz in negative y-direction, we obtain a simple harmonic
motion

¨̃vy = −ω2
c ṽy . (3.9)

Thus the solution for the velocities is the superposition of a circular orbit and a
constant motion in the same plane. This constant motion is called the E×B-drift.
For a particle that is initially at rest, the solution reads

vx = Ex

Bz
sinωct

vy = Ex

Bz
[cosωct − 1] . (3.10)

48 3 Single Particle Motion in Electric and Magnetic Fields

The magnetic induction B(r) of a dipole field is given by the expression

B(r) = µ0

4π
3r(r · M) − r2M

r5 . (3.6)

Here r is a vector pointing from the magnetic dipole to the field point. At the author’s
location (54.3◦ N.; 10.1◦ E), the Earth magnetic field has a horizontal component
Bh = 17, 700 nT and a vertical component Bv = −46, 150 nT.

3.1.4 E×B Drift

When we now allow for a stationary and homogeneous electric field, we can choose
the orientation of our coordinate system, without loss of generality, to have electric
and magnetic field in the x-y plane, E = (Ex , 0, Ez) and B = (0, 0, Bz). In this
case, Newton’s equation of motion reads

v̇x = q
m

(
Ex + vy Bz

)

v̇y = q
m

(−vx Bz)

v̇z = q
m

Ez . (3.7)

The motion along the magnetic field is now accelerated but independent of the
motion in the x-y plane. According to the principle of superposition of motions,
we can consider both effects separately. For the x-y plane, the motion can again be
decomposed

v̈x = −ω2
cvx

v̈y = −ω2
c (vy + Ex/Bz) . (3.8)

Again, we find a harmonic oscillation in x-direction, but the motion in y-direction
is more complex. In a moving frame of reference, ṽy = vy + Ex/Bz , which moves
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What drifts result from a static force that has the 
same sign for ions and electrons (like gravity)?
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Key Dynamics

• Separate descriptions of perpendicular and parallel motion


• Fast gyration around B


• Slow perpendicular drift of gyro center


• Adiabatic motion with µ conservation
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Guiding Center Motion in a Strong Magnetic Field
Part 2: Guiding Center Motion

References: 

I.B. Bernstein, “The Motion of a Charged Particle in a Strong Magnetic Field,” Advances in Plasma Physics 4, 311 (1971).


Theodore G. Northrop and Edward Teller, "Stability of the Adiabatic Motion of Charged Particles in the Earth's Field," Phys. Rev. 
117, 215 (1960); https://doi.org/10.1103/PhysRev.117.2157



(but Ω changes…)
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Summary



Some Definitions & Cases

• 3 equations, 2nd order, 6 initial conditions


• Constant E and B


• Slowly varying E (with uniform B)


• Let E → 0, with B slowly varying in space


• …
Use Bernstein’s notation…

(See “handout”: http://sites.apam.columbia.edu/courses/apph6101x/Plasma1-Adiabatic-Handout.pdf)
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Just Mechanics

(“notation”)
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Simple Note 1
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Simple Note 2

so we can decouple parallel and perpendicular motion
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Initial Value Case 1
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Initial Value Case 2
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Initial Value Case 3
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Initial Value Case 4
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Defining Gyro-Averaging

A physical solution to the E.O.M. in terms of gyration and drift

See: Sec. 3.2 Piel  and

Secs. 2.3 and 2.4 in Fitzpatrick
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Separating the Vector E.O.M.

18



Fast Gyromotion 
(Separately)

gyrophase 
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Slow Drift 
(Separately)
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a(t) slowly…
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a(t) slowly…
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Polarization Drift: Plasma Capacitor

See: A. L. Peratt, H. H. Kuehl; Plasma Capacitor in a Magnetic Field. Phys. 
Fluids (1972); 15 (6): 1117–1127; https://doi.org/10.1063/1.1694037

>> 1
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Motion with a slowly varying B…
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B(x) changing slowly…

(1) (2) (3)
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Drifts (separately)
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Drifts (separately)
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Drifts (separately)
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Drifts (separately)

!!
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Gradient-B Drift

!!
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(Parallel to B) Mirroring…
!!

31



(Perpendicular to B) 
Curvature Drift

!!
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Curvature Drift

!!
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Summary

(but Ω changes…)
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Another Simple Proof for Constant 

Adiabatic Invariant
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Next Monday

• Homework #2


• Guiding Center Hamiltonian (Littlejohn & Boozer)


• Tokamaks and bananas
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