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Last lecture: Beam-Plasma Instability 
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Topics
• Interchange Modes 

• Magnetized Plasma Instabilities: 

• Pressure-Curvature Driven 

• Parallel-Current Driven 

• Reduced MHD (plasma torus with a strong toroidal field) 

• Kink modes
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Rayleigh-Taylor Instability 

216 8 Instabilities

Fig. 8.14 A cartoon of the
Rayleigh-Taylor instability in
the equatorial ionosphere.
The plasma is the heavy fluid
that rests on the horizontal
magnetic field
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the x − y plane. Under the action of the gravitational force, the ions experience a
g×B drift with a velocity given by (3.14) when we can neglect ion-neutral colli-
sions. The (opposing) drift velocity of the electrons is smaller by a factor me/mi
and will be omitted here. The initial homogeneous equilibrium of the bound-
ary can be understood from the force balance ji × B + nimig = 0, in which
ji = enivg.

For understanding the instability mechanism, we consider an initial sinusoidal
perturbation of the boundary, as indicated by the heavy line. The effect of the g×B
drift is to shift the ions slightly in −x direction, as indicated by the light line. This
generates positive surplus-charges at the surface by an overshoot of ions on the
leading edge and a lack of ions on the trailing edge. These surface charges generate
an E×B motion of the perturbed plasma region, as indicated by the box arrows.
Remember that the E×B drift is the same for electrons and ions and does not lead
to further charge separation. The effect of this secondary drift is to amplify the
original perturbation. This is the mechanism of the gravitational Rayleigh-Taylor
instability.

The Rayleigh-Taylor instability originally described the interface between a
heavy fluid (e.g., water) resting on a lighter fluid (e.g., oil). There, a sinusoidal
perturbation of the interface leads to rising oil blobs and descending water blobs.
In the equatorial ionosphere, the magnetic field is horizontal and the ionospheric
plasma rests on the magnetic field, which represents the lighter fluid. After sunset,
the lower parts of the ionosphere (E-region) rapidly disappear by recombination. At
the bottom of the F-layer (≈ 270 km altitude) a steep density gradient forms, which
can become Rayleigh-Taylor unstable and leads to rising bubbles of low-density
plasma into the high-density F-layer [189–193]. An example of such plasma bubbles
is shown in Fig. 8.15. The bubbles appear as reduced plasma density in a compar-
ison of the density profile during the upleg and downleg of the rocket trajectory.
The upleg intersected the bubble region whereas the downleg traversed unperturbed
plasma. This result was obtained during the DEOS (Dynamics of the Equatorial
Ionosphere Over Shar) rocket campaign [193].

Magnetized plasmas are generally susceptible to Rayleigh-Taylor-like instabili-
ties. Here, the role of gravity can be taken over by the internal kinetic pressure of
the plasma particles, as shown in Fig. 8.16a,b. The plasma surface develops a peri-
odic perturbation ∝ exp(imϕ). The azimuthal mode number m gives the number of
grooves in the plasma column. This pattern resembles the fluted columns in ancient
Greece, as shown in Fig. 8.16c and explains the name flute instability.
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Equatorial Spread-F

Jicamarca Radio Observatory (JRO)
Lima, Peru

http://jro.igp.gob.pe/english/



Ripples in Water
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Surface Wave (1): Surface Motion (η)
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Surface Wave (2): Bernoulli’s Eq
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Surface Wave (3): Linearize
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Surface Wave (4): Rayleigh-Taylor
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Rayleigh-Taylor in a Plasmas (1)
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Rayleigh-Taylor in a Plasmas (2): Linearize
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214 8 Instabilities

8.4 Macroscopic Instabilities

In this Section, we are interested in plasma instabilities occurring in real space,
called macroinstabilities. These instabilities are characterized by a displacement of
the plasma relative to a magnetic field. Here, the energy principle can be used to
determine the stability of the system. Nevertheless, normal mode analysis will be
the tool to detect the wavelength and growth rate of the unstable modes.

8.4.1 Stable Magnetic Configurations

Consider the magnetic field topologies for a magnetic mirror and a magnetic cusp
in Fig. 8.12. We had seen in (3.27) that the gradient of the magnetic field intensity
points always towards the center of field line curvature. In the center of the mir-
ror field the gradient points inwards whereas, near the magnets, the gradient points
outwards.

Let us now consider the total energy of a small volume of plasma, which consists
of kinetic and magnetic energy, which represents the potential energy for this case,

Wtot = Wkin + B2

2µ0
. (8.40)

When this plasma volume is shifted into a region of weaker magnetic field, the
magnetic energy will decrease accordingly. The existence of such a state of lower
potential energy makes the situation unstable. However, we cannot give the detailed
mechanism, how the plasma manages to get to this lower energy state. We can only
say that the plasma in the center of a mirror field has no stable confinement against
radial displacements. Consider now the field line topology of a magnetic cusp in
Fig. 8.12b. There, the magnetic field increases in all directions and the plasma is in
a stable confinement. Such a situation is called a minimum B configuration.

Fig. 8.12 (a) A magnetic
mirror field is generated by
currents of the same polarity
in the magnets, (b) A
magnetic cusp forms when
the current in one magnet is
reverted. Note that the
direction of the gradient in
magnetic field strength
always points towards the
center of the local field line
curvature

Good/Bad Curvature
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Levitated Dipole Experiment (LDX)

Laboratory Magnetospheres: Designed for Maximum 
Flux Tube Expansion
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2 m
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Ring Trap 1 (RT-1)

Flux Tube Expansion:
δV(out)/δV(in) = 100
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Ideal MHD interchange instability limits plasma pressure gradient 
relative to the rate of flux-tube expansion…
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MHD stability requires finite plasma pressure at edge.

Magnetosphere: Magnetopause plasma sustained by solar wind 
Laboratory: Scrape-off-layer (SOL) maintained by escaping plasma

Edge pressure must rise in proportion to 
core pressure

Bad Curvature
Compressibility
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and steep pressure gradients are MHD stable, even as β >> 1.

Large Flux Tube Expansion Maximizes Plasma’s Stable 
Pressure Gradient
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MFTF-B
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Wendelstein 7-X
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Z-Pinch (stabilized by Bz)

8.4 Macroscopic Instabilities 215

8.4.2 Pinch Instabilities

The pinch effect was already introduced in Sect. 5.3.4. The pinch effect is not nec-
essarily a homogeneous mechanism. When we assume that the plasma cross section
is reduced at some point, the magnetic pressure at the plasma surface will increase,
because Bϕ = µ0 I (2πa)−1, as shown in Fig. 8.13a. This increased magnetic pres-
sure further reduces the plasma radius at this point, and the plasma column develops
a sausage instability.

The magnetic pressure can also deviate from its equilibrium value, when the
plasma column is curved, see Fig. 8.13b. Because the magnetic field lines are per-
pendicular to the local current direction, the field line density, and the associated
magnetic pressure, is higher on the inner side and lower on the outer side of the
curved plasma column. Hence, the imbalance of magnetic pressure will further dis-
place the column forming a kink.

The sausage and the kink instability can be stabilized by a superimposed longi-
tudinal magnetic field, which is frozen in the plasma. The magnetic field lines have
a tension T = B2/µ0 that tends to straighten the field lines, see Sect. 5.2.2. This
gives a net restoring force that counteracts the instablity from the magnetic pressure
imbalance of the azimuthal magnetic field component, as shown in Fig. 8.13c.

(a) (b) (c)

pmag pmag pmag pmag

Frest

Tmag

Tmag

I I Bz

Fig. 8.13 (a) Sausage instability, (b) kink instability of a pinch plasma. The magnetic pressure
increases when the cross-section shrinks or becomes asymmetric when the plasma column is
curved. (c) The magnetic tension of a superimposed longitudinal magnetic field counteracts the
instability

8.4.3 Rayleigh–Taylor Instability

A cartoon of the Rayleigh-Taylor instability for the equatorial ionosphere is shown
in Fig. 8.14. The unpurturbed plasma boundary is shown by the horizontal dashed
line. The plasma fills the upper halfspace. The magnetic field is perpendicular to
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Reduced MHD

21



Basic Derivation
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Stream Function and Poloidal Flux
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Simplifying the MHD Equations

24



Simplifying the Induction Equation
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Summary of Reduced MHD
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