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Last Lecture

• Conservation principles in magnetized plasma (“frozen-in” and 
conservation of particles/flux tubes) 

• Alfvén waves (without plasma pressure)
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This Lecture
• Quiz 1: Wednesday

• Introduction to plasma waves

• Basic review of electromagnetic waves in various media 
(conducting, dielectric, gyrotropic, …)

• Basic waves concepts (especially plane waves)

• Electromagnetic waves in unmagnetized plasma

• Electrostatic waves in unmagnetized plasma
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More Practice Problems
AP 6101

Practice for Quiz #1
From Fitzpatrick, and Gurnett and Bhattacharjee 
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Dielectric of a Magnetized Plasma

38 ⌅ Plasma Physics: An Introduction (2nd Edition)

The invariance of  has interesting consequences for charged particle dynamics
in the Earth’s inner magnetosphere. Suppose, for instance, that the strength of the
solar wind were to increase slowly (that is, on timescales significantly longer than
the drift period), thereby, compressing the Earth’s magnetic field. The invariance
of  would cause the charged particles that constitute the Van Allen belts to move
radially inwards, toward the Earth, in order to conserve the magnetic flux enclosed
by their drift orbits. Likewise, a slow decrease in the strength of the solar wind would
cause an outward radial motion of the Van Allen belts.

2.14 EXERCISES
1. Given that ⇢ = ⇢ (� cos � e1 + sin � e2), and u = ⌦ ⇢ ⇥ b, where ⇢ = u?/⌦,

and e1, e2, b ⌘ B/B are a right-handed set of mutually perpendicular unit basis
vectors, demonstrate that:

(a)

h⇢ ⇢i =
u2
?

2⌦2 (I � b b) .

(b)
e hu ⇥ (⇢ · r) Bi = �µrB.

(c)

e hu · (⇢ · r) Ei = µ @B
@t
.

(d)
e hu · (⇢ · r) Ai = �µ B.

Here, µ = m u2
?/(2 B), and h· · · i ⌘

H
(· · · ) d�/2⇡.

2. A quasi-neutral slab of cold (i.e., �D ! 0) plasma whose bounding surfaces
are normal to the x-axis consists of electrons of mass me, charge �e, and mean
number density ne, as well as ions of mass mi, charge e, and mean number
density ne. The slab is fully magnetized by a uniform y-directed magnetic field
of magnitude B. The slab is then subject to an externally generated, uniform,
x-directed electric field that is gradually ramped up to a final magnitude E0.
Show that, as a consequence of ion polarization drift, the final magnitude of
the electric field inside the plasma is

E1 '
E0

✏
,

where

✏ = 1 +
c2

V2
A
,

and VA = B/pµ0 ne mi is the so-called Alfvén velocity.
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Thermal Equilibrium

Plasma Parameters ⌅ 13

and that the net shielding charge contained within a sphere of radius r, centered
on the origin, is

Q(r) = �q
2
666641 �
0
BBBB@1 +

p
2 r
�D

1
CCCCA exp

0
BBBB@�
p

2 r
�D

1
CCCCA
3
77775 .

3. A quasi-neutral slab of cold (i.e., �D ! 0) plasma whose bounding surfaces
are normal to the x-axis consists of electrons of mass me, charge �e, and mean
number density ne, as well as ions of charge e, and mean number density ne.
The ions can e↵ectively be treated as stationary. The slab is placed in an ex-
ternally generated, x-directed electric field that oscillates sinusoidally at the
angular frequency !. By generalizing the analysis of Section 1.4, show that
the relative dielectric constant of the plasma is

✏ = 1 �
⇧2

!2 ,

where ⇧ = (e2 ne/✏0 me)1/2.

4. A capacitor consists of two parallel plates of cross-sectional area A and spacing
d ⌧

p
A. The region between the capacitors is filled with a uniform hot plasma

of Deybe length �D. By generalizing the analysis of Section 1.5, show that the
d.c. capacitance of the device is

C =
✏0 A

d
(d/
p

2 �D)
tanh(d/

p
2 �D)

.

5. A uniform isothermal quasi-neutral plasma with singly-charged ions is placed
in a relatively weak gravitational field of acceleration g = �g ez. Assuming,
first, that both species are distributed according to the Maxwell-Boltzmann
statistics; second, that the perturbed electrostatic potential is a function of z
only; and, third, that the electric field is zero at z = 0 (and well behaved as
z ! 1), demonstrate that the electric field in the region z > 0 takes the form
E = Ez ez, where

Ez(z) = E0

2
666641 � exp

0
BBBB@
p

2 z
�D

1
CCCCA
3
77775 ,

and
E0 =

mi g

2 e
.

Here, �D is the Debye length, e the magnitude of the electron charge, and mi
the ion mass.

6. Consider a charge sheet of charge density � immersed in a plasma of unper-
turbed particle number density n0, ion temperature Ti, and electron tempera-
ture Te. Suppose that the charge sheet coincides with the y-z plane. Assuming
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Adiabatic Invariants40 ⌅ Plasma Physics: An Introduction (2nd Edition)

6. A particle of charge e, mass m, and energy E, is trapped in a one-dimensional
magnetic well of the form

B(x, t) = B0 (1 + k2 x2),

where B0 is constant, and k(t) is a very slowly increasing function of time.
Suppose that the particle’s mirror points lie at x = ±xm(t), and that its bounce
time is ⌧b(t). Demonstrate that, as a consequence of the conservation of the
first and second adiabatic invariants,

xm(t) = xm(0)
"
k(0)
k(t)

#1/2

,

⌧b(t) = ⌧b(0)
"
k(0)
k(t)

#
,

E(t) = E0? +

"
k(t)
k(0)

#
E0 k.

Here, E0? is the perpendicular energy [i.e., (1/2) m v2?], and E0 k is the parallel
energy [i.e., (1/2) m v2

k
], both evaluated at x = 0 and t = 0. Assume that the

particle’s gyroradius is relatively small, and that the electric field-strength is
negligible.

7. Consider the static magnetic field

Bz(y) =

8>>>><
>>>>:

B0 y > a
B0 (y/a) |y| < a
�B0 y < �a

which corresponds to a current sheet such as that found in the Earth’s magneto-
tail. Let the electric field be negligible. Consider the orbits of charged particles
of mass m and charge e whose gyroradii, ⇢, are not necessarily much smaller
than the shear-length, a, of the magnetic field. In this situation, guiding center
theory is inapplicable. The particles’ orbits can only be analyzed by directly
solving their equations of perpendicular motion. It is easily demonstrated that
some orbits do not cross the neutral plane (y = 0) and resemble conventional
magnetized particle orbits, whereas others meander across the neutral plane
and are quite di↵erent from conventional orbits.

(a) Consider a particle orbit that does not cross the neutral plane, but is in-
stead confined to the region y+ � y � y�, where a > y+ > y� > 0.
Demonstrate that the mean drift velocity of the particle in the x-direction
can be written

hvxi = �

 
⌦0

4 a

!
(y2
+ + y

2
�) (1 � ↵),

where ⌦0 = e B0/m, and

↵ =

R 1
�1(1 +  ⇣)1/2 (1 � ⇣2)�1/2 d⇣

R 1
�1(1 +  ⇣)�1/2 (1 � ⇣2)�1/2 d⇣

,
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Drift Velocity w Collisions

Plasma Fluid Theory ⌅ 115

than the typical variation lengthscale of equilibrium quantities (such as n, T ,
and V). Demonstrate that it is a good approximation to write

f = f0 � ⌫�1 v · r f0.

(a) Suppose that n and T are uniform, but that V = Vy(x) ey. Demonstrate
that the only nonzero components of the viscosity tensor are

⇡xy = ⇡yx = �⌘
dVy
dx
,

where
⌘ =

1
2

m n ⌫ l2.

(b) Suppose that n is uniform, and V = 0, but that T = T (x). Demonstrate
that the only nonzero component of the heat flux is

qx = �
dT
dx
,

where
 =

5
2

n ⌫ l2.

(c) Suppose that V = 0, and n = n(x) and T = T (x), but that p = n T is
constant. Demonstrate that the only nonzero component of the heat flux
is

qx = �
dT
dx
,

where
 =

5
4

n ⌫ l2.

8. Consider a spatially uniform, unmagnetized plasma in which both species have
zero mean flow velocity. Let ne and Te be the electron number density and
temperature, respectively. Let E be the ambient electric field. The electron dis-
tribution function fe satisfies the simplified kinetic equation

�
e

me
E · rv fe = Ce.

We can crudely approximate the electron collision operator as

Ce = �⌫e ( fe � f0)

where ⌫e is the e↵ective electron-ion collision frequency, and

f0 =
ne

⇡3/2 v3t e
exp

 
�
v2

v2t e

!
.

116 ⌅ Plasma Physics: An Introduction (2nd Edition)

Here, vt e =
p

2 Te/me. Suppose that E ⌧ me ⌫e vt e/e. Demonstrate that it is a
good approximation to write

fe = f0 +
e

me ⌫e
E · rv f0.

Hence, show that
j = �E,

where

� =
e2 ne

me ⌫e
.
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Static MHD Equilibrium

278 MHD Equilibria and Stability

(b) Make a sketch of Bφ, Bz, and Jz as a function of ρ.
7.3. Show that a time-dependent solution of the force-free (∇ × B = αB) static

equilibrium equation

∂B
∂t
=

1
µ0σ
∇2B

is given by

B = B0 e−t/τ,

where B0 is the solution of the vector Helmholtz equation

∇2B0 +α
2B0 = 0

and τ = (µ0σ)/α2, with α = constant.
Note: Solutions of the vector Helmholtz equation can be found in many
electricity and magnetism books.

7.4. For the “Bennett pinch” type of pressure-balanced equilibrium, the solution
for n(ρ) depends on the conductivity relation. Assuming the thermal
conductivity is so large that the temperature is independent of radius, analyze
the following cases:
(a) Lorentz type conductivity. Using Jz =

e2n
mv Ez show that n(ρ) = n0/[1 +

(ρ/R)2]2, where R is a constant.
(b) Fully ionized gas. Using Jz =σE, whereσ is a constant, show that n(ρ)=

n0(1− ρ2/R2).
7.5. Show that the linear force operator

F(ξ) =
1
µ0

[(∇× {∇× (ξ×B0)})×B0 + (∇×B0)× {∇× (ξ×B0)}]

+∇[ξ ·∇P0 +γ P0(∇ ·ξ)]

is self-adjoint, i.e., if there are two eigenfunctions η1 and η2 satisfying
standard boundary conditions, then

∫

v
η2 ·F(η1) d3x =

∫

v
η1 ·F(η2) d3x.

7.6. For a force-balanced MHD equilibrium in a cylindrical geometry with B =
[0, Bφ(ρ), Bz(ρ)] the radial component of the pressure balance condition J×
B =∇P can be written

∂

∂ρ


P+

B2
φ

2µ0
+

B2
z

2µ0


 = [(B ·∇)B]ρ.

3��9�
  08��8:2 ������
 �
�������	��������� /5��310�875�71�/"��.6/:�021��7�!1:���"��:1��

References 279

Show that [(B ·∇)B]ρ = −B2
φ/ρ.

Hint: Use the identity ∇(F ·G) = (F ·∇)G + (G ·∇)F + F × (∇ ×G) +G×
(∇×G).

7.7. Assuming that the magnetohydrodynamic equilibrium profiles depend
only on the radial coordinate ρ, show from Eqs. (7.2.1)–(7.2.6) that the
magnetic and velocity fields can be written in the form [0, Bφ(ρ), Bz(ρ)] and
[0, Uφ(ρ), Uz(ρ)] and that the equilibrium condition is given by Eq. (7.2.7).
Check that under these conditions all of Eqs. (7.2.1)–(7.2.6) are satisfied
identically.

7.8. Show by direct substitution that the equilibrium profiles, given by
Eqs. (7.2.10)–(7.2.15), satisfy Eq. (7.2.7).

7.9. Derive the dispersion relation for the magnetorotational instability (7.4.6)
from the linearized equation of motion (7.4.5).

7.10. (a) Derive the dispersion relation (7.4.10) from the more general dispersion
relation (7.4.6) for the MRI in the incompressible limit.

(b) Derive the MRI stability condition (7.4.11) from the dispersion relation
(7.4.10).

(c) Obtain the largest growth rate for the instability, and show that it is
independent of the magnitude of the magnetic field.

7.11. For the Harris sheet, Eq. (7.5.17) permits an exact solution. Obtain this
solution, and demonstrate that the tearing stability parameter is given by
Eq. (7.5.10).
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Alfvén Waves with Collisions/Viscosity

Magnetohydrodynamic Fluids ⌅ 237

shock−front

plasma flow

Switch−on Switch−off

Figure 8.9 Characteristic plasma flow patterns across switch-on and switch-o↵
shocks in the de Ho↵mann-Teller frame.

v21 = 0, (8.226)

v21 = 0. (8.227)

The first of these roots is clearly a fast shock, and is identical to the perpendicular
shock discussed in Section 8.16, except that there is no plasma flow across the shock
front in this case. The fact that the two other roots are zero indicates that, like the
corresponding MHD waves, slow and intermediate MHD shocks do not propagate
perpendicular to the magnetic field.

MHD shocks have been observed in a large variety of situations. For instance,
shocks are known to be formed by supernova explosions, by strong stellar winds, by
solar flares, and by the solar wind upstream of planetary magnetospheres (Gurnett
and Bhattacharjee 2005).

8.18 EXERCISES
1. We can add viscous e↵ects to the MHD momentum equation by including a

term µr2V, where µ is the dynamic viscosity, so that

⇢
dV
dt
= j ⇥ b � rp + µr2V.

Likewise, we can add finite conductivity e↵ects to the Ohm’s law by including
the term (1/µ0 �)r2B, to give

@B
@t
= r ⇥ (V ⇥ B) +

1
µ0 �

r
2B,

238 ⌅ Plasma Physics: An Introduction (2nd Edition)

Show that the modified dispersion relation for Alfvén waves can be obtained
from the standard one by multiplying both !2 and V2

S by a factor

[1 + i k2/(µ0 �!)],

and !2 by an additional factor

[1 + i µ k2/(⇢0 !)].

If the finite conductivity and viscous corrections are small (i.e., � ! 1 and
µ ! 0), show that, for parallel (✓ = 0) propagation, the dispersion relation for
the shear-Alfvén wave reduces to

k '
!

VA
+ i
!2

2 V3
A

 
1
µ0 �

+
µ

⇢0

!
.

2. Demonstrate that V+ > VS cos ✓, and V� < VS cos ✓, where V+ and V� are
defined in Equation (8.45).

3. Demonstrate that Equation (8.65) can be rearranged to give

du2

dr

 
1 �

u2
c

u2

!
=

4 u2
c

r

✓
1 �

rc

r

◆
,

Show that this expression can be integrated to give
 

u
uc

!2

� ln
 

u
uc

!2

= 4 ln
 

r
rc

!
+ 4

rc

r
+C,

where C is a constant.

Let r/rc = 1+ x. Demonstrate that, in the limit |x| ⌧ 1, the previous expression
yields either

u2 = u2
c

h
1 ± 2 x + O(x2)

i

or

u2 = u2
0

2
666641 +

2 u2
c x2

u2
0 � u2

c
+ O(x3)

3
77775 ,

where u0 , uc is an arbitrary constant. Deduce that the former solution with the
plus sign is such that u is a monotonically increasing function of r with u 7 uc
as r 7 rc (this is a Class 2 solution); that the former solution with the minus
sign is such that u is a monotonically decreasing function of r with u ? uc as
r 7 rc (this is a Class 3 solution); that the latter solution with u0 < uc is such
that u < uc for all r (this is a Class 1 solution); and that the latter solution with
u0 > uc is such that u > uc for all r (this is a Class 4 solution).

4. Derive expression (8.111) from Equations (8.107)–(8.110).
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Plane Waves

6.1 Maxwell’s Equations and the Wave Equation 137

6.1.4 Phase Velocity

We define the phase ϕ of a monochromatic wave by

ϕ = k · r − ωt . (6.16)

A point of constant phase (think of wave crests or troughs) within a wave moves
with a velocity that is defined by the constancy of the phase

0 = dϕ
dt

= k · dr
dt

− ω . (6.17)

Hence, the phase velocity is defined as

vϕ = ω

k2 k . (6.18)

The phase velocity is a vector with the magnitude vϕ = ω/k and the vector has the
same orientation as the wave vector k.

6.1.5 Wave Packet and Group Velocity

Let us now consider the propagation of two waves, which is the simplest case of a
wave packet. The frequencies and wave numbers are assumed to be close to each
other, i.e., |ω1 − ω2| " (ω1 + ω2)/2, |k1 − k2| " (k1 + k2)/2. For simplicity, we
also assume that the waves have the same amplitude and propagate in x-direction.
Then, the wave packet is the superposition of the two sine waves

E(x, t) = sin(k1x − ω1t) + sin(k2x − ω2t) . (6.19)

Using the theorem for addition of sines we obtain

E(x, t) = 2 sin
(

k1 + k2

2
x − ω1 + ω2

2
t
)

cos
(

k1 − k2

2
x − ω1 − ω2

2
t
)

.

(6.20)

This gives us the well known interference pattern (Fig. 6.1), in which we find a sine
term that describes a rapid oscillation at the arithmetic mean of the two frequencies
and wavenumbers and a cosine term that describes the envelope of the signal. The
phase velocity of this signal is given by the sine term as

vϕ = (ω1 + ω2)/2
(k1 + k2)/2

= ω̄

k̄
. (6.21)
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6.1 Maxwell’s Equations and the Wave Equation 137

6.1.4 Phase Velocity

We define the phase ϕ of a monochromatic wave by

ϕ = k · r − ωt . (6.16)

A point of constant phase (think of wave crests or troughs) within a wave moves
with a velocity that is defined by the constancy of the phase

0 = dϕ
dt

= k · dr
dt

− ω . (6.17)

Hence, the phase velocity is defined as

vϕ = ω

k2 k . (6.18)

The phase velocity is a vector with the magnitude vϕ = ω/k and the vector has the
same orientation as the wave vector k.

6.1.5 Wave Packet and Group Velocity

Let us now consider the propagation of two waves, which is the simplest case of a
wave packet. The frequencies and wave numbers are assumed to be close to each
other, i.e., |ω1 − ω2| " (ω1 + ω2)/2, |k1 − k2| " (k1 + k2)/2. For simplicity, we
also assume that the waves have the same amplitude and propagate in x-direction.
Then, the wave packet is the superposition of the two sine waves

E(x, t) = sin(k1x − ω1t) + sin(k2x − ω2t) . (6.19)

Using the theorem for addition of sines we obtain

E(x, t) = 2 sin
(

k1 + k2

2
x − ω1 + ω2

2
t
)

cos
(

k1 − k2

2
x − ω1 − ω2

2
t
)

.

(6.20)

This gives us the well known interference pattern (Fig. 6.1), in which we find a sine
term that describes a rapid oscillation at the arithmetic mean of the two frequencies
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k̄
. (6.21)
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amplitudes Ê and ĵ are complex quantities, which give us a simple way to include
a phase shift between current density and electric field. Both are functions of fre-
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Since we have assumed a linear relation between the alternating current and the
electric field, we can give different interpretations to the current density. When we
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of electrons and ions as a polarization current, which can be combined with the
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138 6 Plasma Waves

Fig. 6.1 Interference of two
sine waves of same
amplitude. The instantaneous
phase propagates at the phase
velocity vϕ , the envelope has
a different propagation
velocity, the group
velocity vgr –

–

The envelope moves at a different velocity, the group velocity, which results from
the phase evolution of the cosine term

vgr = (ω1 − ω2)/2
(k1 − k2)/2

= ∆ω

∆k
. (6.22)

In the more general case of an extended wave packet consisting of many wavelets
one can show that the group velocity is given by the expression

vgr =
(
∂ω

∂kx
,
∂ω

∂ky
,
∂ω

∂kz

)
= ∇kω = dω

dk
. (6.23)

The analogy to the simpler case given above is evident. The group velocity has the
magnitude vgr = dω/dk.

Why have group velocity and phase velocity different values? In Fig. 6.2a the
relationship between frequency ω and wavenumber k is shown for a dispersive
medium. The phase velocity is constructed by choosing a point (ω, k) on the disper-
sion curve and evaluating tanα = ω/k = vϕ . The tangent to the dispersion branch
at this point (ω, k) has a different slope, tanβ = dω/dk = vgr. Obviously phase
velocity and group velocity are different in this example. A non-dispersive medium
is characterized by the equality of phase and group velocity, as shown in Fig. 6.2b.
Obviously, vgr = vϕ can only be achieved by a dispersion relation that is represented
by a straight line through the origin.

Fig. 6.2 (a) The phase
velocity is the quotient
ω/k = tan(α). The slope of
the tangent to the function
ω(k) is the group velocity,
dω/dk = tan(β). (b) A
non-dispersive medium has
vgr = vϕ

kk k k

β
dω/dk

dω/dk

(a) (b)dispersive medium non-dispersive medium

ω

ω ω

ω

α α
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6.1 Maxwell’s Equations and the Wave Equation 135

With µ0ε0 = 1/c2, the wave equation for the electric field takes the form

∇ × (∇ × E) + 1
c2

∂2E
∂t2 = −µ0

∂j
∂t

. (6.7)

6.1.2 Fourier Representation

The wave equation has solutions that are plane monochromatic waves of the form

E = Ê exp[i(k · r − ωt)]

B = B̂ exp[i(k · r − ωt)]

j = ĵ exp[i(k · r − ωt)] . (6.8)

Here, k is the wave vector, which describes the direction of wave propagation. The
magnitude of the wave vector is related to the wavelength by k = 2π/λ. The wave
amplitudes Ê and ĵ are complex quantities, which give us a simple way to include
a phase shift between current density and electric field. Both are functions of fre-
quency and wavenumber, e.g., Ê = Ê(ω, k). Using this plane wave representation,
we can establish simple substitution rules for the differential operations in the wave
equation

∇ × E → ik × Ê , ∇ · E → ik · Ê ,
∂

∂t
E → −iωÊ . (6.9)

In this way Maxwell’s equations (6.1) and (6.2) can be rewritten in terms of a set of
algebraic relations between the complex wave amplitudes

ik × Ê = iωB̂ (6.10)

ik × B̂ = −iωε0µ0Ê + µ0 ĵ0 . (6.11)

Here, the term exp[i(k · r − ωt)] describing the phase evolution in space and time
could be dropped.

6.1.3 Dielectric or Conducting Media

Since we have assumed a linear relation between the alternating current and the
electric field, we can give different interpretations to the current density. When we
consider the plasma as a dielectric medium, we can think of the wiggling motion
of electrons and ions as a polarization current, which can be combined with the
vacuum displacement current ε0(∂E/∂t). In the limit of very high frequencies only

PDE’s become algebraic!
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134 6 Plasma Waves

determines the propagation speed and polarization of the plasma waves. This model
is developed step by step starting from Maxwell’s equations.

6.1.1 Basic Concepts

Plasma waves are described by the set of Maxwell’s equations

∇ × E = −∂B
∂t

(6.1)

∇ × B = µ0

(
j + ε0

∂E
∂t

)
(6.2)

and a proper equation of motion for the plasma species that establishes the relation
between the alternating electric current j(E)

j = ne(vi − ve) , (6.3)

and the electric field. The simplest case is the description of the plasma particles in
the model of single-particle motion. The velocities ve,i are solutions of Newton’s
equation that is expanded by an additional friction force that is described by a colli-
sion frequency νm for momentum loss,

m (v̇ + νmv) = q(E + v × B) . (6.4)

In warm plasmas, we could include pressure effects by solving the MHD equations
for the variable j. Other effects related to the distribution function of velocities, e.g.,
Landau damping, will be discussed in Chap. 9.

For discussing the propagation properties of the waves, we make the additional
simplifying assumption that, at a chosen angular frequency ω, the relation between
the alternating current j(ω) and the electric field strength at that frequency E(ω) is
linear or can be linearized by suitable approximations

j(ω) = σ (ω) · E(ω) . (6.5)

Here, σ (ω) is the frequency-dependent conductivity. Taking the curl in the induction
law (6.1), we obtain the wave equation

∇ × (∇ × E) = −∇ × ∂B
∂t

= − ∂

∂t
(∇ × B)

= −µ0ε0
∂2E
∂t2 − µ0

∂j
∂t

. (6.6)
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136 6 Plasma Waves

the electrons will oscillate about their mean position while the much heavier ions
will be immobile. Hence, we are allowed to consider the plasma as a set of dipoles
formed by pairs consisting of an electron oscillating about a corresponding ion at
rest. Such a medium is characterized by the dielectric displacement

D̂(ω) = ε0ε(ω)Ê(ω) . (6.12)

Noting that for a given frequency ω, the displacement current can be considered as
the sum of the vacuum displacement current plus the conduction current,

∂D
∂t

= ε0
∂E
∂t

+ j = ε0ε(ω)
∂E
∂t

. (6.13)

This gives us a relation between the dielectric function ε(ω) and the electric con-
ductivity σ (ω)

ε(ω) = 1 + i
ωε0

σ (ω) . (6.14)

In the following, we will call ε(ω) the dielectric function when the frequency depen-
dence is considered. For a specific value of ω, we will name ε(ω) the dielectric
constant for that frequency.

In an unmagnetized plasma, σ (ω) and ε(ω) are simple scalar functions of the
wave frequency ω. A magnetized plasma, however, is anisotropic because of the
different motion along and across the magnetic field. Therefore, dielectric function
and conductivity then become tensors, see Sect. 3.2 of Appendix.

εω = I + i
ωε0

σω . (6.15)

Here, I is the unit tensor. This means that the electric field vector E and the electric
current vector j may be no longer parallel to each other. Moreover, collisions of the
plasma particles make the plasma a lossy dielectric medium and ε(ω) is in general
a complex function.

In conclusion, there are two different views of the plasma medium. For weak
losses, the plasma behaves mostly as a dielectric and is described by a dielectric
function (or tensor) ε(ω), in which the real part is dominant over the imaginary part.
When the collisions are frequent, the plasma behaves mainly as a conductor and is
described by a complex conductivity σ (ω), in which the imaginary part represents
phase shifts resulting from inertial effects. In the following, we will be mostly inter-
ested in cases, where the plasma waves are weakly damped. Then, the dielectric
tensor elements are mostly real quantities. Therefore, we will prefer the dielectric
description of a plasma.

−
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linear or can be linearized by suitable approximations

j(ω) = σ (ω) · E(ω) . (6.5)

Here, σ (ω) is the frequency-dependent conductivity. Taking the curl in the induction
law (6.1), we obtain the wave equation

∇ × (∇ × E) = −∇ × ∂B
∂t

= − ∂

∂t
(∇ × B)

= −µ0ε0
∂2E
∂t2 − µ0

∂j
∂t

. (6.6)
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the electrons will oscillate about their mean position while the much heavier ions
will be immobile. Hence, we are allowed to consider the plasma as a set of dipoles
formed by pairs consisting of an electron oscillating about a corresponding ion at
rest. Such a medium is characterized by the dielectric displacement

D̂(ω) = ε0ε(ω)Ê(ω) . (6.12)

Noting that for a given frequency ω, the displacement current can be considered as
the sum of the vacuum displacement current plus the conduction current,

∂D
∂t

= ε0
∂E
∂t

+ j = ε0ε(ω)
∂E
∂t

. (6.13)

This gives us a relation between the dielectric function ε(ω) and the electric con-
ductivity σ (ω)

ε(ω) = 1 + i
ωε0

σ (ω) . (6.14)

In the following, we will call ε(ω) the dielectric function when the frequency depen-
dence is considered. For a specific value of ω, we will name ε(ω) the dielectric
constant for that frequency.

In an unmagnetized plasma, σ (ω) and ε(ω) are simple scalar functions of the
wave frequency ω. A magnetized plasma, however, is anisotropic because of the
different motion along and across the magnetic field. Therefore, dielectric function
and conductivity then become tensors, see Sect. 3.2 of Appendix.

εω = I + i
ωε0

σω . (6.15)

Here, I is the unit tensor. This means that the electric field vector E and the electric
current vector j may be no longer parallel to each other. Moreover, collisions of the
plasma particles make the plasma a lossy dielectric medium and ε(ω) is in general
a complex function.

In conclusion, there are two different views of the plasma medium. For weak
losses, the plasma behaves mostly as a dielectric and is described by a dielectric
function (or tensor) ε(ω), in which the real part is dominant over the imaginary part.
When the collisions are frequent, the plasma behaves mainly as a conductor and is
described by a complex conductivity σ (ω), in which the imaginary part represents
phase shifts resulting from inertial effects. In the following, we will be mostly inter-
ested in cases, where the plasma waves are weakly damped. Then, the dielectric
tensor elements are mostly real quantities. Therefore, we will prefer the dielectric
description of a plasma.
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6.1 Maxwell’s Equations and the Wave Equation 135

With µ0ε0 = 1/c2, the wave equation for the electric field takes the form

∇ × (∇ × E) + 1
c2

∂2E
∂t2 = −µ0

∂j
∂t

. (6.7)

6.1.2 Fourier Representation

The wave equation has solutions that are plane monochromatic waves of the form

E = Ê exp[i(k · r − ωt)]

B = B̂ exp[i(k · r − ωt)]

j = ĵ exp[i(k · r − ωt)] . (6.8)

Here, k is the wave vector, which describes the direction of wave propagation. The
magnitude of the wave vector is related to the wavelength by k = 2π/λ. The wave
amplitudes Ê and ĵ are complex quantities, which give us a simple way to include
a phase shift between current density and electric field. Both are functions of fre-
quency and wavenumber, e.g., Ê = Ê(ω, k). Using this plane wave representation,
we can establish simple substitution rules for the differential operations in the wave
equation

∇ × E → ik × Ê , ∇ · E → ik · Ê ,
∂

∂t
E → −iωÊ . (6.9)

In this way Maxwell’s equations (6.1) and (6.2) can be rewritten in terms of a set of
algebraic relations between the complex wave amplitudes

ik × Ê = iωB̂ (6.10)

ik × B̂ = −iωε0µ0Ê + µ0 ĵ0 . (6.11)

Here, the term exp[i(k · r − ωt)] describing the phase evolution in space and time
could be dropped.

6.1.3 Dielectric or Conducting Media

Since we have assumed a linear relation between the alternating current and the
electric field, we can give different interpretations to the current density. When we
consider the plasma as a dielectric medium, we can think of the wiggling motion
of electrons and ions as a polarization current, which can be combined with the
vacuum displacement current ε0(∂E/∂t). In the limit of very high frequencies only
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E = Ê exp[i(k · r − ωt)]

B = B̂ exp[i(k · r − ωt)]
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6.2 The General Dispersion Relation 139

In an anisotropic medium, such as a magnetized plasma, the direction of the
group velocity is not necessarily parallel to the phase velocity. There are exotic
situations, e.g., for Whistler waves, where phase velocity and group velocity can
become even perpendicular to each other [99, 100].

6.1.6 Refractive Index

In optics the refractive index of a transparent medium is defined as the ratio of the
speed of light in vacuum to the speed in that medium. This concept can be applied
in a similar manner to electromagnetic waves in a plasma. Hence, we define the
refractive index as

N = kc
ω

. (6.24)

Because of the proportionality of N and k, we can also define a refractive index
vector N = (c/ω)k. Obviously, this is the complement to the phase velocity because
it points in the direction of wave propagation but has a magnitude ∝ v−1

ϕ . As in
optics, the concept of refractive index is useful for wave refraction, ray tracing, or
interferometry.

6.2 The General Dispersion Relation

In this Section, we discuss the wave equation in Fourier representation. Using the
vector identity k × (k × Ê) = (kk − k2I)Ê, the homogeneous wave equation for the
Fourier amplitudes (6.7) can be transformed into one of the following forms

{
kk − k2 I + ω2

c2 I + iωµ0σ (ω)

}
· Ê = 0 (6.25)

{
kk − k2 I + ω2

c2 ε(ω)

}
· Ê = 0 . (6.26)

Here, the dyadic product kk of the wave vectors is defined as the tensor

kk =





kx kx kx ky kx kz

kykx kyky kykz

kzkx kzky kzkz



 . (6.27)
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Equations (6.25) or (6.26) represent a homogeneous linear system of equations for
the electric field vector. This can be explicitely written for the dielectric model as





kx kx − k2 + ω2

c2 εxx kx ky + ω2

c2 εxy kx kz + ω2

c2 εxz

kykx + ω2

c2 εyx kyky − k2 + ω2

c2 εyy kykz + ω2

c2 εyz

kzkx + ω2

c2 εzx kzky + ω2

c2 εzy kzkz − k2 + ω2

c2 εzz




·




Êx

Êy

Êz



 = 0 .

(6.28)

Non-vanishing solutions for E "= 0 are only possible when the determinant of the
matrix is zero. This determinant condition defines an implicit relation between fre-
quency and wave number, which we will name the dispersion relation,

0 = D(ω, k) = det
[

kk − k2 I + ω2

c2 ε(ω)

]
. (6.29)

In many cases, the relationship between ω and k, which is defined by the zeroes
D(ω, k) = 0, can be written in an explicit form, ω(k). As a rule, this relation has
multiple branches. The explicit form is also called the dispersion relation of a wave.

In summary, (6.28) describes all possible wave modes of a plasma. The spe-
cific properties of the plasma are encoded in the elements of the dielectric tensor.
Unmagnetized plasmas are isotropic media, for which the dielectric tensor reduces
to a scalar dielectric function. It is the magnetic field that introduces anisotropy and
requires a description by a tensor (cf. Sect. 6.6).

6.3 Waves in Unmagnetized Plasmas

Here, we investigate the wave modes in a plasma without the influence of a magnetic
field. We will first consider very high frequency waves, for which the ion motion,
because of the much larger ion inertia, can be neglected. This can be immediately
seen from Newton’s equation

m
dv
dt

= qÊei(k·r−ωt) , (6.30)

from which the alternating current at the angular frequency ω becomes

ĵ = nqv̂ = i
ne2

ωm
Ê . (6.31)

Obviously the ion current is smaller by a factor me/mi than the electron current. At
high frequencies the ions only act as an immobile neutralizing charge background.
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frequency, the electron inertia leads to a reduction of the electron current, ĵ ∝ ω−1,
so in the end the electron current has a vanishing influence on the wave.

A surprising result for the electromagnetic mode is the fact that the phase velocity

vϕ =
(
ω2

pe

k2 + c2

)1/2

(6.39)

is higher than the speed of light This is not in conflict with Einstein’s theory of
relativity, because the phase is neither transporting energy nor information. Rather,
energy is transported at the group velocity

vgr = kc2

(
ω2

pe + k2c2
)1/2 , (6.40)

which is always smaller than the speed of light. Other examples for electromagnetic
waves with vϕ > c are found, e.g., for the wave propagation in microwave wave-
guides.

6.3.2 The Influence of Collisions

So far, we have assumed that the electron motion in the wave field is unaffected
by friction with the neutral gas. This approximation is certainly valid when the
wave frequency (for instance that of a laser beam) is much higher than the collision
frequency. This conjecture is supported by Newton’s equation in Fourier notation

m (−iω + νm) v̂ = q Ê , (6.41)

which shows that the resulting electron velocity can be decomposed into a real and
imaginary response factor w.r.t. the electric field

v̂ =
[

νm

ω2 + ν2
m

+ iω
ω2 + ν2

m

]
q
m

Ê . (6.42)

The in-phase response, which is due to the electron collisions, corresponds to the
action of a resistor. The imaginary part of the response represents a current that is
90◦ lagging behind the voltage. The lag is caused by the electron inertia, and this
part of the system behaves like an inductance.

We can use a simple trick to write down the dispersion relation with collisions by
noting that (6.41) becomes identical with the collisionless limit, when we rewrite it
in terms of an effective mass m∗

− iωm∗v̂ = q Ê, m∗ = m
(

1 + i
νm

ω

)
. (6.43)
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90° out of phase

In phase 
(low-frequency)
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In the last paragraph, we will introduce low-frequency electrostatic waves, where
the ion motion becomes important.

6.3.1 Electromagnetic Waves

As a first example we study electromagnetic waves in the limit of a cold plasma,
i.e., we neglect pressure effects. Further we neglect collisions of the electrons with
neutrals. The coordinate system is chosen with the wave vector in x-direction, k =
(kx , 0, 0). From (6.31) we know that the directions of electric current and electric
field are parallel. Hence, the conductivity tensor has only diagonal elements that
have the same value.

σxx = σyy = σzz = i
ne2

ωm
(6.32)

and the dielectric tensor has only the components

εxx = εyy = εzz = 1 + i
ωε0

σyy = 1 −
ω2

pe

ω2 . (6.33)

In the latter expression we have introduced the electron plasma frequency

ωpe =
(

ne2

ε0me

)1/2

. (6.34)

The electron plasma frequency had already been introduced in Sect. 2.2 as the recip-
rocal of the electron reponse time. Here, it is the natural frequency of the electron
gas, as we will see below. Taking into account that for the chosen geometry we have
kx kx − k2 = 0 and ky = kz = 0, the wave (6.26) becomes





ω2

c2

(
1 −

ω2
pe

ω2

)
0 0

0 −k2 + ω2

c2

(
1 −

ω2
pe

ω2

)
0

0 0 −k2 + ω2

c2

(
1 −

ω2
pe

ω2

)




·




Êx

Êy

Êz



 = 0 .

(6.35)

Obviously, the problem has a cylindrical symmetry about the x-direction, which
manifests itself by the identical response in y and z-direction. We can now distin-
guish three cases:

• longitudinal waves: Êx "= 0 but Êy = Êz = 0.
• transverse waves: Êx = Êz = 0 but Êy "= 0,
• or Êx = Êy = 0 but Êz "= 0.
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In the last paragraph, we will introduce low-frequency electrostatic waves, where
the ion motion becomes important.

6.3.1 Electromagnetic Waves

As a first example we study electromagnetic waves in the limit of a cold plasma,
i.e., we neglect pressure effects. Further we neglect collisions of the electrons with
neutrals. The coordinate system is chosen with the wave vector in x-direction, k =
(kx , 0, 0). From (6.31) we know that the directions of electric current and electric
field are parallel. Hence, the conductivity tensor has only diagonal elements that
have the same value.

σxx = σyy = σzz = i
ne2

ωm
(6.32)

and the dielectric tensor has only the components

εxx = εyy = εzz = 1 + i
ωε0

σyy = 1 −
ω2

pe

ω2 . (6.33)

In the latter expression we have introduced the electron plasma frequency

ωpe =
(

ne2

ε0me

)1/2

. (6.34)

The electron plasma frequency had already been introduced in Sect. 2.2 as the recip-
rocal of the electron reponse time. Here, it is the natural frequency of the electron
gas, as we will see below. Taking into account that for the chosen geometry we have
kx kx − k2 = 0 and ky = kz = 0, the wave (6.26) becomes
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Obviously, the problem has a cylindrical symmetry about the x-direction, which
manifests itself by the identical response in y and z-direction. We can now distin-
guish three cases:

• longitudinal waves: Êx "= 0 but Êy = Êz = 0.
• transverse waves: Êx = Êz = 0 but Êy "= 0,
• or Êx = Êy = 0 but Êz "= 0.
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The transverse waves are twofold degenerate corresponding to the two possible
directions of polarization in y or z-direction. The case of longitudinal waves will
be postponed to Sect. 6.5.1. Here, we will focus on the transverse waves. For this
purpose we set Êx = 0 and retain only the middle line in the set of (6.35),

(

−k2 +
ω2 − ω2

pe

c2

)

Êy = 0 . (6.36)

Since Êy "= 0 we conclude that the factor in parantheses must vanish, yielding

ω2 = ω2
pe + k2c2 . (6.37)

The same result is obtained from the last line of (6.35) because of the degeneracy.
The explicit form of the dispersion relation for the transverse wave becomes

ω =
(
ω2

pe + k2c2
)1/2

. (6.38)

Since we have k in x-direction and Ê in y-direction the vector product k × Ê
is nonzero and the induction law (6.10) gives an associated wave magnetic field.
Therefore, the transverse wave is an electromagnetic mode. When we consider the
limit of vanishing electron density, the electron plasma frequency goes to zero and
the wave dispersion takes the limiting form ω = kc, which is the light wave in
vacuum. The transverse mode in an unmagnetized plasma is therefore the light wave
modified by the presence of the plasma as a dielectric medium.

The wave dispersion of the electromagnetic wave is shown in Fig. 6.3. The
transverse wave is only propagating for ω > ωpe. Therefore, we call the electron
plasma frequency the cut-off frequency for the electromagnetic mode. In the limit
of very high frequencies the dispersion approaches the light wave in vacuum. This
case is different from the limit of vanishing plasma density because, with increasing

Fig. 6.3 Dispersion relation
for electromagnetic waves in
an unmagnetized plasma.
Wave propagation is only
possible for frequencies
larger than the plasma
frequency. For ω $ ωpe the
wave dispersion approaches
the light wave in vacuum
ω = kc
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frequency, the electron inertia leads to a reduction of the electron current, ĵ ∝ ω−1,
so in the end the electron current has a vanishing influence on the wave.

A surprising result for the electromagnetic mode is the fact that the phase velocity

vϕ =
(
ω2

pe

k2 + c2

)1/2

(6.39)

is higher than the speed of light This is not in conflict with Einstein’s theory of
relativity, because the phase is neither transporting energy nor information. Rather,
energy is transported at the group velocity

vgr = kc2

(
ω2

pe + k2c2
)1/2 , (6.40)

which is always smaller than the speed of light. Other examples for electromagnetic
waves with vϕ > c are found, e.g., for the wave propagation in microwave wave-
guides.

6.3.2 The Influence of Collisions

So far, we have assumed that the electron motion in the wave field is unaffected
by friction with the neutral gas. This approximation is certainly valid when the
wave frequency (for instance that of a laser beam) is much higher than the collision
frequency. This conjecture is supported by Newton’s equation in Fourier notation

m (−iω + νm) v̂ = q Ê , (6.41)

which shows that the resulting electron velocity can be decomposed into a real and
imaginary response factor w.r.t. the electric field

v̂ =
[

νm

ω2 + ν2
m

+ iω
ω2 + ν2

m

]
q
m

Ê . (6.42)

The in-phase response, which is due to the electron collisions, corresponds to the
action of a resistor. The imaginary part of the response represents a current that is
90◦ lagging behind the voltage. The lag is caused by the electron inertia, and this
part of the system behaves like an inductance.

We can use a simple trick to write down the dispersion relation with collisions by
noting that (6.41) becomes identical with the collisionless limit, when we rewrite it
in terms of an effective mass m∗

− iωm∗v̂ = q Ê, m∗ = m
(

1 + i
νm

ω

)
. (6.43)
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which shows that the resulting electron velocity can be decomposed into a real and
imaginary response factor w.r.t. the electric field

v̂ =
[

νm

ω2 + ν2
m

+ iω
ω2 + ν2

m

]
q
m
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Equations (6.25) or (6.26) represent a homogeneous linear system of equations for
the electric field vector. This can be explicitely written for the dielectric model as





kx kx − k2 + ω2

c2 εxx kx ky + ω2

c2 εxy kx kz + ω2

c2 εxz

kykx + ω2

c2 εyx kyky − k2 + ω2

c2 εyy kykz + ω2

c2 εyz

kzkx + ω2

c2 εzx kzky + ω2

c2 εzy kzkz − k2 + ω2

c2 εzz




·




Êx

Êy

Êz



 = 0 .

(6.28)

Non-vanishing solutions for E "= 0 are only possible when the determinant of the
matrix is zero. This determinant condition defines an implicit relation between fre-
quency and wave number, which we will name the dispersion relation,

0 = D(ω, k) = det
[

kk − k2 I + ω2

c2 ε(ω)

]
. (6.29)

In many cases, the relationship between ω and k, which is defined by the zeroes
D(ω, k) = 0, can be written in an explicit form, ω(k). As a rule, this relation has
multiple branches. The explicit form is also called the dispersion relation of a wave.

In summary, (6.28) describes all possible wave modes of a plasma. The spe-
cific properties of the plasma are encoded in the elements of the dielectric tensor.
Unmagnetized plasmas are isotropic media, for which the dielectric tensor reduces
to a scalar dielectric function. It is the magnetic field that introduces anisotropy and
requires a description by a tensor (cf. Sect. 6.6).

6.3 Waves in Unmagnetized Plasmas

Here, we investigate the wave modes in a plasma without the influence of a magnetic
field. We will first consider very high frequency waves, for which the ion motion,
because of the much larger ion inertia, can be neglected. This can be immediately
seen from Newton’s equation

m
dv
dt

= qÊei(k·r−ωt) , (6.30)

from which the alternating current at the angular frequency ω becomes

ĵ = nqv̂ = i
ne2

ωm
Ê . (6.31)

Obviously the ion current is smaller by a factor me/mi than the electron current. At
high frequencies the ions only act as an immobile neutralizing charge background.
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The transverse waves are twofold degenerate corresponding to the two possible
directions of polarization in y or z-direction. The case of longitudinal waves will
be postponed to Sect. 6.5.1. Here, we will focus on the transverse waves. For this
purpose we set Êx = 0 and retain only the middle line in the set of (6.35),

(

−k2 +
ω2 − ω2

pe

c2

)

Êy = 0 . (6.36)

Since Êy "= 0 we conclude that the factor in parantheses must vanish, yielding

ω2 = ω2
pe + k2c2 . (6.37)

The same result is obtained from the last line of (6.35) because of the degeneracy.
The explicit form of the dispersion relation for the transverse wave becomes

ω =
(
ω2

pe + k2c2
)1/2

. (6.38)

Since we have k in x-direction and Ê in y-direction the vector product k × Ê
is nonzero and the induction law (6.10) gives an associated wave magnetic field.
Therefore, the transverse wave is an electromagnetic mode. When we consider the
limit of vanishing electron density, the electron plasma frequency goes to zero and
the wave dispersion takes the limiting form ω = kc, which is the light wave in
vacuum. The transverse mode in an unmagnetized plasma is therefore the light wave
modified by the presence of the plasma as a dielectric medium.

The wave dispersion of the electromagnetic wave is shown in Fig. 6.3. The
transverse wave is only propagating for ω > ωpe. Therefore, we call the electron
plasma frequency the cut-off frequency for the electromagnetic mode. In the limit
of very high frequencies the dispersion approaches the light wave in vacuum. This
case is different from the limit of vanishing plasma density because, with increasing

Fig. 6.3 Dispersion relation
for electromagnetic waves in
an unmagnetized plasma.
Wave propagation is only
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purpose we set Êx = 0 and retain only the middle line in the set of (6.35),

(

−k2 +
ω2 − ω2

pe

c2

)
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Since Êy "= 0 we conclude that the factor in parantheses must vanish, yielding

ω2 = ω2
pe + k2c2 . (6.37)

The same result is obtained from the last line of (6.35) because of the degeneracy.
The explicit form of the dispersion relation for the transverse wave becomes

ω =
(
ω2

pe + k2c2
)1/2

. (6.38)
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Hence, we only have to replace the real electron mass in the electron plasma fre-
quency by m∗

e . By doing so, we find a complex wavenumber for any given real
frequency. This is the proper approach to describe how a wave penetrates into a
plasma. The complex wavenumber then reads

k = 1
c

(

ω2 −
ω2

pe

1 + i(νm/ω)

)1/2

. (6.44)

The resulting complex dispersion relation k(ω) is shown in Fig. 6.4. The real part of
the wavenumber gives the spatial phase evolution while the imaginary part describes
the damping of the wave amplitude. Note that the imaginary and real part of k inter-
sect at the plasma frequency. For wave frequencies below the plasma frequency, the
collisionality makes the plasma a resistive medium. This explains, why we can gen-
erate a plasma with radio frequency (e.g., at 13.56 MHz) even if the electron plasma
frequency is much higher. The collisionality gives the proper dissipation of wave
energy that leads to Joule heating of the electron gas. On the other hand, collisional
damping becomes negligible when ω > 2ωpe. Hence, a weakly collisional plasma
can still be analyzed in terms of its refractive index as long as the wave frequency is
sufficiently higher than the cut-off frequency.

Fig. 6.4 Complex dispersion
relation for electromagnetic
waves in a weakly collisional
νm/ωpe = 0.1 unmagnetized
plasma. The real part of the
wavenumber (solid line) is
dominant when ω > ωpe. The
imaginary part of the
wavenumber (dotted line)
shows that the wave can now
penetrate into the plasma for
frequencies ω < ωpe. The
dashed line again represents
the speed of light, which is
approached when ω # ωpe

6.4 Interferometry with Microwaves and Lasers

Because the unmagnetized plasma is an isotropic medium, its dielectric properties
are described by a dielectric constant rather than by a tensor

ε = 1 − ω2
pe/ω

2 . (6.45)

144 6 Plasma Waves

Hence, we only have to replace the real electron mass in the electron plasma fre-
quency by m∗

e . By doing so, we find a complex wavenumber for any given real
frequency. This is the proper approach to describe how a wave penetrates into a
plasma. The complex wavenumber then reads

k = 1
c

(

ω2 −
ω2

pe

1 + i(νm/ω)

)1/2

. (6.44)

The resulting complex dispersion relation k(ω) is shown in Fig. 6.4. The real part of
the wavenumber gives the spatial phase evolution while the imaginary part describes
the damping of the wave amplitude. Note that the imaginary and real part of k inter-
sect at the plasma frequency. For wave frequencies below the plasma frequency, the
collisionality makes the plasma a resistive medium. This explains, why we can gen-
erate a plasma with radio frequency (e.g., at 13.56 MHz) even if the electron plasma
frequency is much higher. The collisionality gives the proper dissipation of wave
energy that leads to Joule heating of the electron gas. On the other hand, collisional
damping becomes negligible when ω > 2ωpe. Hence, a weakly collisional plasma
can still be analyzed in terms of its refractive index as long as the wave frequency is
sufficiently higher than the cut-off frequency.

Fig. 6.4 Complex dispersion
relation for electromagnetic
waves in a weakly collisional
νm/ωpe = 0.1 unmagnetized
plasma. The real part of the
wavenumber (solid line) is
dominant when ω > ωpe. The
imaginary part of the
wavenumber (dotted line)
shows that the wave can now
penetrate into the plasma for
frequencies ω < ωpe. The
dashed line again represents
the speed of light, which is
approached when ω # ωpe

6.4 Interferometry with Microwaves and Lasers

Because the unmagnetized plasma is an isotropic medium, its dielectric properties
are described by a dielectric constant rather than by a tensor

ε = 1 − ω2
pe/ω

2 . (6.45)

6.3 Waves in Unmagnetized Plasmas 143

frequency, the electron inertia leads to a reduction of the electron current, ĵ ∝ ω−1,
so in the end the electron current has a vanishing influence on the wave.

A surprising result for the electromagnetic mode is the fact that the phase velocity

vϕ =
(
ω2

pe

k2 + c2

)1/2

(6.39)

is higher than the speed of light This is not in conflict with Einstein’s theory of
relativity, because the phase is neither transporting energy nor information. Rather,
energy is transported at the group velocity

vgr = kc2

(
ω2

pe + k2c2
)1/2 , (6.40)

which is always smaller than the speed of light. Other examples for electromagnetic
waves with vϕ > c are found, e.g., for the wave propagation in microwave wave-
guides.

6.3.2 The Influence of Collisions

So far, we have assumed that the electron motion in the wave field is unaffected
by friction with the neutral gas. This approximation is certainly valid when the
wave frequency (for instance that of a laser beam) is much higher than the collision
frequency. This conjecture is supported by Newton’s equation in Fourier notation

m (−iω + νm) v̂ = q Ê , (6.41)

which shows that the resulting electron velocity can be decomposed into a real and
imaginary response factor w.r.t. the electric field

v̂ =
[

νm

ω2 + ν2
m

+ iω
ω2 + ν2

m

]
q
m

Ê . (6.42)

The in-phase response, which is due to the electron collisions, corresponds to the
action of a resistor. The imaginary part of the response represents a current that is
90◦ lagging behind the voltage. The lag is caused by the electron inertia, and this
part of the system behaves like an inductance.

We can use a simple trick to write down the dispersion relation with collisions by
noting that (6.41) becomes identical with the collisionless limit, when we rewrite it
in terms of an effective mass m∗

− iωm∗v̂ = q Ê, m∗ = m
(

1 + i
νm

ω

)
. (6.43)
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which shows that the resulting electron velocity can be decomposed into a real and
imaginary response factor w.r.t. the electric field

v̂ =
[

νm

ω2 + ν2
m

+ iω
ω2 + ν2

m

]
q
m

Ê . (6.42)

The in-phase response, which is due to the electron collisions, corresponds to the
action of a resistor. The imaginary part of the response represents a current that is
90◦ lagging behind the voltage. The lag is caused by the electron inertia, and this
part of the system behaves like an inductance.

We can use a simple trick to write down the dispersion relation with collisions by
noting that (6.41) becomes identical with the collisionless limit, when we rewrite it
in terms of an effective mass m∗

− iωm∗v̂ = q Ê, m∗ = m
(

1 + i
νm

ω

)
. (6.43)
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0.633 µm 474 THz 2.8 × 1027

index N . At a wavelength λ the difference between the optical path in the plasma
and the same path in vacuum is

∆ϕ = 2π
(N − 1)L

λ
< 0 , (6.47)

where we have assumed that the plasma has a homogeneous density and a corre-
sponding constant refractive index. In an inhomogeneous plasma, the phase differ-
ence is

%ϕ = 2π
λ

∫
[N (x) − 1] dx . (6.48)

This means that interferometry can only determine the path-averaged refractive
index ¯N = (1/L)

∫
N (x)dx . The reduction to index profiles requires additional

146 6 Plasma Waves

µW Plasma

detector

microwave
source

directional
coupler

horn antenna

attenuatorphase
shifter

detector
laser Plasma

(a)

(b)

Fig. 6.5 (a) Laser interferometer in Mach-Zehnder arrangement, (b) microwave interferometer.
The optical arrangement uses partially-reflecting and fully-reflecting mirrors. The analog to a par-
tially reflecting mirror is the directional coupler for microwaves

Table 6.1 Cut-off densities for microwave and laser interferometers

Wavelength Frequency Cut-off-density
Source λ f nco(m−3)

Microwave 3 cm 10 GHz 1.2 × 1018

8 mm 37 GHz 1.7 × 1019

4 mm 75 GHz 7.0 × 1019

HCN-laser 337 µm 890 GHz 9.8 × 1021

CO2 laser 10.6 µm 28 THz 9.9 × 1024

He-Ne laser 3.39 µm 88 THz 9.7 × 1025

0.633 µm 474 THz 2.8 × 1027

index N . At a wavelength λ the difference between the optical path in the plasma
and the same path in vacuum is

∆ϕ = 2π
(N − 1)L

λ
< 0 , (6.47)

where we have assumed that the plasma has a homogeneous density and a corre-
sponding constant refractive index. In an inhomogeneous plasma, the phase differ-
ence is

%ϕ = 2π
λ

∫
[N (x) − 1] dx . (6.48)

This means that interferometry can only determine the path-averaged refractive
index ¯N = (1/L)

∫
N (x)dx . The reduction to index profiles requires additional

25



Interferometry

146 6 Plasma Waves

µW Plasma

detector

microwave
source

directional
coupler

horn antenna

attenuatorphase
shifter

detector
laser Plasma

(a)

(b)

Fig. 6.5 (a) Laser interferometer in Mach-Zehnder arrangement, (b) microwave interferometer.
The optical arrangement uses partially-reflecting and fully-reflecting mirrors. The analog to a par-
tially reflecting mirror is the directional coupler for microwaves

Table 6.1 Cut-off densities for microwave and laser interferometers

Wavelength Frequency Cut-off-density
Source λ f nco(m−3)

Microwave 3 cm 10 GHz 1.2 × 1018

8 mm 37 GHz 1.7 × 1019

4 mm 75 GHz 7.0 × 1019

HCN-laser 337 µm 890 GHz 9.8 × 1021

CO2 laser 10.6 µm 28 THz 9.9 × 1024

He-Ne laser 3.39 µm 88 THz 9.7 × 1025

0.633 µm 474 THz 2.8 × 1027

index N . At a wavelength λ the difference between the optical path in the plasma
and the same path in vacuum is

∆ϕ = 2π
(N − 1)L

λ
< 0 , (6.47)

where we have assumed that the plasma has a homogeneous density and a corre-
sponding constant refractive index. In an inhomogeneous plasma, the phase differ-
ence is

%ϕ = 2π
λ

∫
[N (x) − 1] dx . (6.48)

This means that interferometry can only determine the path-averaged refractive
index ¯N = (1/L)

∫
N (x)dx . The reduction to index profiles requires additional

6.4 Interferometry with Microwaves and Lasers 147

procedures like tomography. When the refractive index is not too close to zero, i.e.,
the plasma density not too close to the cut-off density, we can expand the refractive
index into a Taylor series

N =
√

1 − ω2
pe/ω

2 ≈ 1 − 1
2

ω2
pe

ω2 = 1 − 1
2

n
nco

, (6.49)

with the cut-off density

nco = ε0me ω
2

e2 . (6.50)

Then the phase shift can be written as

#ϕ ≈ −π L
λ

n
nco

. (6.51)

Because the cut-off density decreases with λ−2, the phase shift becomes propor-
tional to the wavelength and not proportional to its inverse, as (6.51) might suggest
at first glance. For density diagnostics at low electron densities we therefore need
long-wavelength lasers or microwaves. The maximum wavelength, on the other
hand, is limited by the geometric optics approximation, which requires that the
plasma dimensions are large compared to the wavelength. This conflict limits the
achievable sensitivity of interferometers.

A practical example for interferometry in a time-varying plasma is shown in
Fig. 6.6a. The dynamic response of the detector circuit is too slow to resolve the
interferometer fringes during the build-up of the plasma by a strong current pulse.
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which is the defining condition for the dispersion of an electrostatic wave. It further
implies that, in a cold plasma, this electrostatic wave only exists for ω = ωpe.
These are Langmuir’s plasma oscillations, in which the electrons oscillate about
their equilibrium at the electron plasma frequency. Although we have found a wave
solution, the dispersion relation turns out to be independent of k. This means that
the plasma oscillations cannot form propagating wave packets because the group
velocity is zero.

6.5.2 Bohm-Gross Waves

When we consider a warm electron gas, in which pressure forces have a similar
magnitude as the electric force, the Langmuir oscillations discussed above become
dispersive. The dispersion relation can be derived as follows: We start with adding
the pressure per particle to Newton’s equation in one space dimension, because the
electrostatic waves are one-dimensional

mv̇ = −q
dφ
dx

− γ

n
d(nkBT )

dx
. (6.62)

We have introduced the concept of adiabatic compression with an adiabatic expo-
nent γ = 3 (for one-dimensional motion) to take into account that the pressure
in the wave field changes on a rapid time scale. The velocity fluctuations can be
transformed into density fluctuations by using the equation of continuity

∂n
∂t

+ ∂

∂x
(nv) = 0 . (6.63)

First, we split the density and velocity into equilibrium part and fluctuating part,
n = n0 + n̂ exp[i(kx − ωt)], v = v0 + v̂ exp[i(kx − ωt)]. We further assume that
the electron gas is at rest, v0 = 0. The wave amplitudes n̂ and v̂ and the potential
fluctuation φ̂ are first-order quantities. Then, we replace the differential operators
by frequency and wavenumber according to the substitution rules (6.9). This gives
the equation of motion (6.62) as

− iωmv̂ = −ikqφ̂ − ikγ kBT n̂ . (6.64)

Likewise, the continuity equation takes the form

− iωn̂ + ikn0v̂ = 0 , (6.65)

which we use to substitute the velocity fluctuation by the corresponding density
fluctuation

v̂ = ω

k
n̂
n0

. (6.66)
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This is the correct balance for a fixed volume in space. On the r.h.s. of (5.26) we
find the stagnation pressure nmu2

x and the kinetic pressure p = nkBT . Evaluating
the derivatives on both sides and using the continuity Eq. (5.8) we obtain

nm
(
∂ux

∂t
+ ux

∂ux

∂x

)
= −∂p

∂x
. (5.27)

In this representation, the fluid element is considered to follow the flow, which can
be identified by the convective derivative on the l.h.s. of the equation. Generalizing
this one-dimensional result to three dimensions, and adding the volume forces, the
final result gives the momentum transport equation

nm
(
∂u
∂t

+ (u · ∇)u
)

= nq(E + u × B) − ∇ p . (5.28)

5.1.5 Shear Flows

In the previous paragraph, we have calculated the momentum exchange between
neighboring cells along the mean flow. This could be summed up into a new net
volume force, the pressure gradient. Now, we focus our attention on the momen-
tum exchange across the flow (Fig. 5.5). Because of their random thermal motion,
particles passing the boundaries at y and y + "y belong to populations that have
different mean flow velocities.

The calculation is quite similar to that of the previous paragraph, but now we
define a shear stress tensor Pi j

Pi j = nm〈ṽi ṽ j 〉 , (5.29)

which involves the random thermal velocities that are responsible for the momentum
exchange between neighboring cells. Pi j replaces the scalar pressure. Instead of the
pressure gradient we now have the divergence of the shear stress tensor. Shear flows
are associated with viscosity, which, however, is negligible in many plasmas.

Fig. 5.5 Momentum
transport in a shear flow. The
black horizontal arrows mark
the mean local velocity in the
flow. The shaded arrows
indicate the momentum
exchange by particles
traversing the boundary at y
and y +"y

x

y
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Likewise, the continuity equation takes the form

− iωn̂ + ikn0v̂ = 0 , (6.65)

which we use to substitute the velocity fluctuation by the corresponding density
fluctuation

v̂ = ω

k
n̂
n0

. (6.66)
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For eliminating the potential fluctuations, we use Poisson’s equation ∂2φ/∂x2 =
(q/ε0)(ne − ni) in Fourier notation, and insert the linearized electron density with
the result

− k2φ̂ = q
ε0

n̂ . (6.67)

Combining (6.64), (6.66) and (6.67), we obtain

ω =
(
ω2

pe + 3
2

k2v2
Te

)1/2

= ωpe

(
1 + 3k2λ2

De

)1/2
(6.68)

with the characteristic electron thermal speed vTe = (2kBTe/me)
1/2. This is the

dispersion relation for electron acoustic waves in a warm plasma, which were first
described by David Bohm (1917–1992) and Eugene P. Gross (1926–) [110, 111].

We will see in Sect. 9.3.3 that the electron acoustic waves experience damping
by kinetic effects (which are not contained in this fluid model) as soon as kλDe ≈ 1.
Therefore, weakly damped waves are only found in the long wavelength limit. The
dispersion relation is displayed in Fig. 9.8 of Sect. 9.3.2.

6.5.3 Ion-Acoustic Waves

When we allow that the ions can take part in the wave motion, there is a second
electrostatic wave in a plasma with warm electrons. This is possible for wave fre-
quencies much smaller than the electron plasma frequency. Note that the plasma
cut-off was a feature of the transverse electromagnetic mode and does not affect the
existence of low-frequency electrostatic modes.

When we consider low-frequency modes, the electron motion is only governed
by pressure forces and inertial forces can be neglected. On the other hand, we can
treat the ions as a fluid that is governed by the interplay of electric field force, ion
inertia and ion pressure. It is wise to allow for different equilibrium densities of
electrons and ions. While a two-component plasma of electrons and positive ions
has ne0 = ni0 because of quasineutrality, we will consider a more general case,
where the difference of the densities is caused by the presence of a third negative
species. These can either be negative ions or negatively charged dust.

The equation of motion for electrons and ions reads in Fourier notation

− iωmiv̂i = eÊ − ik
ni0

(γikBTi)n̂i (6.69)

0 = −eÊ − ik
ne0

(kBTe)n̂e . (6.70)
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0 = −eÊ − ik
ne0

(kBTe)n̂e . (6.70)

154 6 Plasma Waves

Eliminating the ion velocity fluctuations by means of the continuity (6.66), we
obtain the density fluctuations of electrons and ions for a given wave field Ê as

n̂i = ek
−iω2mi + ik2γikBTi

Ê (6.71)

n̂e = −e
ikkBTe

Ê , (6.72)

where we have assumed that the electron gas experiences an isothermal compression
while the ion compression is adiabatic. This assumption is justified because the
electrons move across many wavelengths during one cycle of this low-frequency
wave, which justifies to consider the electron gas as a heat reservoir for the wave.
The latter aspect also justifies to neglect temperature fluctuations of the electrons.
The ions, on the other hand, are slow and do not move far from their starting position
during one wave period.

At last, Poisson’s equation becomes

ik Ê = e
ε0

(n̂i − n̂e) (6.73)

and defines the condition for the consistency of the fluctuating field with the space
charges. We then obtain

ik Ê =
(

ni0e2

ε0mi

)
k

−iω2 + ik2γikBTi/mi
Ê +

(
ne0e2

ε0kBTe

)
1
ik

Ê . (6.74)

Introducing the ion plasma frequency ωpi = (ni0e2/ε0mi)
1/2 and the electron Debye

length λDe = (ne0e2/ε0kBTe)
1/2, we find the following dielectric function

ε(k,ω) = 1 −
ω2

pi

ω2 − k2γikBTi/mi
+ 1

k2λ2
De

. (6.75)

The dispersion relation of the electrostatic wave is again given by ε(k,ω) = 0 and
can be solved for ω2

ω2 = k2

(
γ ikBTi

mi
+

ω2
piλ

2
De

1 + k2λ2
De

)

. (6.76)

Here Cs = ωpiλDe is the ion sound speed and we call this wave mode the ion
acoustic wave.

In most gas discharge plasmas Te " Ti. In that limit the first term in the paren-
theses can be dropped and we find

ω ≈ k Cs√
1 + k2λ2

De

. (6.77)
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Ê , (6.72)

where we have assumed that the electron gas experiences an isothermal compression
while the ion compression is adiabatic. This assumption is justified because the
electrons move across many wavelengths during one cycle of this low-frequency
wave, which justifies to consider the electron gas as a heat reservoir for the wave.
The latter aspect also justifies to neglect temperature fluctuations of the electrons.
The ions, on the other hand, are slow and do not move far from their starting position
during one wave period.

At last, Poisson’s equation becomes

ik Ê = e
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Fig. 6.10 Ion-acoustic wave
(solid line) and
dust-ion-acoustic wave
(dashed line). The acoustic
limits of the IAW and DIAW
dispersion are indicated by
dotted lines. The DIAW has
an increased phase velocity

For small wavenumbers (k2λ2
De ! 1) this wave has acoustic dispersion ω = kCs

(see the asymptotes in Fig. 6.10). In the opposite case of large wavenumbers, the
wave frequency approaches ωpi.

In a plasma with ne0 "= ni0, the ion-sound speed can be rewritten as

Cs =
(

ni0kBTe

ne0mi

)1/2

. (6.78)

When ne0 = ni0, one is tempted to interpret the ion-acoustic wave as the interplay
of a pressure force associated with the electrons and an inertia residing in the ions,
as we have in ordinary sound waves in a neutral gas

cs =
(
γ p
ρ

)1/2

. (6.79)

This interpretation is obviously wrong, when we notice that the numerator in (6.78)
is ni0kBTe rather than ne0kBTe, as we would need for the electron pressure. The same
problem arises in the denominator with the ion mass density. Hence, the picture of
the mechanism behind the ion-acoustic wave must be revised. The apparent paradox
can be resolved by considering the electrons not as a gas that exerts a pressure but
rather as a fluid of the opposite charge that shields the electric repulsion between the
ions. Therefore, the phase velocity increases, when the electron density is reduced,
which means that the interaction between the ions is approaching their naked repul-
sion. This effect is well known from negative ion plasmas as can be read from the
increase of the phase velocity with increasing ratio n+/ne, see Fig. 6.10b. Likewise,
the ion-acoustic wave in a dusty plasma has a higher phase velocity than in the
absence of dust, see Fig. 6.10a.
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Important Wave Concepts
• Linear vs. nonlinear

• Dispersion

• Phase and group velocity

• “Polarization” and wave structure

• Energy & intensity (Poynting’s Theorem)

• Inhomogeneity

MAXWELL’S EQUATIONS

Name or Description SI Gaussian

Faraday’s law ∇ × E = −
∂B

∂t
∇ × E = −

1

c

∂B

∂t

Ampere’s law ∇ × H =
∂D

∂t
+ J ∇ × H =

1

c

∂D

∂t
+

4π

c
J

Poisson equation ∇ · D = ρ ∇ · D = 4πρ

[Absence of magnetic ∇ · B = 0 ∇ · B = 0
monopoles]

Lorentz force on q (E + v × B) q

(
E +

1

c
v × B

)

charge q

Constitutive D = εE D = εE
relations B = µH B = µH

In a plasma, µ ≈ µ0 = 4π × 10−7 H m−1 (Gaussian units: µ ≈ 1). The
permittivity satisfies ε ≈ ε0 = 8.8542 × 10−12 Fm−1 (Gaussian: ε ≈ 1)
provided that all charge is regarded as free. Using the drift approximation
v⊥ = E×B/B2 to calculate polarization charge density gives rise to a dielec-
tric constant K ≡ ε/ε0 = 1+36π×109ρ/B2 (SI) = 1+4πρc2/B2 (Gaussian),
where ρ is the mass density.

The electromagnetic energy in volume V is given by

W =
1

2

∫

V

dV (H · B + E · D) (SI)

=
1

8π

∫

V

dV (H · B + E · D) (Gaussian).

Poynting’s theorem is

∂W

∂t
+

∫

S

N · dS = −

∫

V

dV J · E,

where S is the closed surface bounding V and the Poynting vector (energy flux
across S) is given by N = E × H (SI) or N = cE × H/4π (Gaussian).
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Quiz 1 Wednesday
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Next Lecture: Video

• Chapter 6: “Plasma Waves”

• Waves in magnetized plasma
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