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L ast Lecture

+ Conservation principles in magnetized plasma (“frozen-in” and
conservation of particles/flux tubes)

- Alfvén waves (without plasma pressure)



This Lecture

Quiz 1: Wednesday
Introduction to plasma waves

- Basic review of electromagnetic waves in various media
(conducting, dielectric, gyrotropic, ...)

- Basic waves concepts (especially plane waves)
Electromagnetic waves in unmagnetized plasma

Electrostatic waves in unmagnetized plasma
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More Practice Problems

AP 6101
Practice for Quiz #1
From Fitzpatrick, and Gurnett and Bhattacharjee



Dielectric of a Magnetized Plasma

2. A quasi-neutral slab of cold (1.e., 4p — 0) plasma whose bounding surfaces
are normal to the x-axis consists of electrons of mass m,, charge —e, and mean
number density n,., as well as 1ons of mass m;, charge e, and mean number
density n.. The slab 1s fully magnetized by a uniform y-directed magnetic field
of magnitude B. The slab 1s then subject to an externally generated, uniform,
x-directed electric field that 1s gradually ramped up to a final magnitude Ey.
Show that, as a consequence of 1on polarization drift, the final magnitude of
the electric field inside the plasma 1s

Eg
El = —,
€
where
2
e =14 >
VA

and V4 = B/+/uo n. m; 1s the so-called Altveén velocity.
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Thermal Equilibrium

5. A uniform i1sothermal quasi-neutral plasma with singly-charged ions 1s placed
in a relatively weak gravitational field of acceleration g = —ge,. Assuming,
first, that both species are distributed according to the Maxwell-Boltzmann
statistics; second, that the perturbed electrostatic potential 1s a function of z
only; and, third, that the electric field 1s zero at z = O (and well behaved as
z — 00), demonstrate that the electric field in the region z > 0O takes the form

K = E,e,, where
V2 z)]

Ap

E.(2) = Eg [1 — GXP(

and
m; g

2e
Here, Ap 1s the Debye length, e the magnitude of the electron charge, and m;
the 10n mass.

ko =
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Adiabatic Invariants

6. A particle of charge e, mass m, and energy &, 1s trapped 1n a one-dimensional
magnetic well of the form

B(x,1) = By (1 + k> x%),

where B 1s constant, and k(¢) 1s a very slowly increasing function of time.
Suppose that the particle’s mirror points lie at x = +x,,(¢), and that 1ts bounce
time 1s 7,(#). Demonstrate that, as a consequence of the conservation of the
first and second adiabatic invariants,

. K0y ]2
Xm(?) = Xn(0) 0|
N}
7p(t) = 75(0) 0 |
)
E) =86 + %O)) (OJO”.

Here, & , is the perpendicular energy [i.e., (1/2) mv? ], and &) is the parallel
energy [1.e., (1/2)m vﬁ], both evaluated at x = 0 and r = 0. Assume that the
particle’s gyroradius 1s relatively small, and that the electric field-strength 1s
negligible.
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Drift Velocity w Collisions

8. Consider a spatially uniform, unmagnetized plasma in which both species have Here, v;. = V2T,/m,. Suppose that £ < m, v, v;./e. Demonstrate that it is a
zero mean flow velocity. Let n, and T, be the electron number density and good approximation to write
temperature, respectively. Let E be the ambient electric field. The electron dis- o
tribution function f, satisfies the simplified kinetic equation fe = fo+ E-V,f.
e Ve
e
-—E-V,f. =C.. Hence, show that
m, .
J=0Lk,
We can crudely approximate the electron collision operator as where
C (f. = fo) e
= —Ve(fe — o= .
e e\Je 0 m, v,

where v, 1s the effective electron-ion collision frequency, and

f Ne v?
0= exp|——1.
32y v?
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Static MHD Equilibrium

7.6. For a ftorce-balanced MHD equilibrium 1n a cylindrical geometry with B =
[0, By(p), B;(p)] the radial component of the pressure balance condition J X
B = VP can be written
) By  BZ
2+ < [=[(B-V)B],.
2o 2u0

Show that [(B - V)B], = —Bg/p.
Hint: Use the 1dentity V(IF - G) = (F - V) G+ (G- V)F+ F X (VX G) + GX
(VX G).



Alfvéen Waves with Collisions/Viscosity

1. We can add viscous effects to the MHD momentum equation by including a

term u V2V, where u is the dynamic viscosity, so that

0

Likewise, we can add finite conductivity effects to the Ohm’s law by including

dr

dV
=jxb-Vp+uV?V.

the term (1/ug o) V2B, to give

0B

ot

1
=V x (VxB)+ — V?B,
Ho O
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Show that the modified dispersion relation for Alfvén waves can be obtained
from the standard one by multiplying both w? and V§ by a factor

[1+ik*/(up o w)],

and w? by an additional factor
[1+ipk*/(po w).

It the finite conductivity and viscous corrections are small (1.e., 0 — oo and
u — 0), show that, for parallel (6 = 0) propagation, the dispersion relation for
the shear-Alfvén wave reduces to

2 (1
kz£+iw3( +ﬁ).
Va 2Vi\moo  po




Wave (Helmholtz) Equation
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Wave Eqg Iin Multiple Dimensions
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Wave Eq in Cyllndrlcal Coordinates
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Phasors, Sine, COSlne
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Review of EM Waves
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Review of EM Waves

V X E =

ot
, OE
V><B=M0(J+So—)
it
JE » )BE
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j(©) =5 () - E)

g(w) =1+ - 0 (w)
WE(



Review of EM Waves

All of the
plasma
physics here
1 9°E 33 S
VX(VXE)+ 5— =—po- 2
C at 8t 2 6() . A
ik x E = iwB 2

ik x B = —ia)e(),uo]:: T Mojo a)z A
kx(kxﬁ):(kk—sz)ﬁ {kk—kzl—Fz@}-E 0

20



o 602 602 602
kxkx - k I 2 EXX kxky I 2 8xy kxkz I 2 8XZ
C C C
6()2 o 6()2 602
0)2 0)2 o 0)2
a)Z
0= D(w, k) = det [kk — k1 - 5 e(a))] .
C

21

> 0o 9>

>

<

A\

Normal Modes (“Dispersion Relation:)

(6.28)

(6.29)



Waves iIn Unmagnetized Plasma
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Waves In Unmagnetlzed Plasma
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Waves in Unmagnetized Plasma
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Interferometry
laser B Plasma \

(a) detector
AN ¥
21
microwave Ap = — / [ (x) — 1] dx
source ; § A

horn antenna

@ Q Plasma %
directional \ ~ 7

coupler ohase

attenuator
shifter detector
(b) % 7§ < -

Fig. 6.5 (a) Laser interferometer in Mach-Zehnder arrangement, (b) microwave interferometer.
The optical arrangement uses partially-reflecting and fully-reflecting mirrors. The analog to a par-
tially reflecting mirror 1s the directional coupler for microwaves
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Interferometry

AgpzzTn/[/V(x)—l]dx

2
| Wi 1l n
N =10/~ ] e
2 W 2 Neo
Table 6.1 Cut-off densities for microwave and laser interferometers
Wavelength Frequency Cut-off-density
Source A f Neo (M)
Microwave 3cm 10 GHz 1.2 x 1018
8 mm 37 GHz 1.7 x 1019
4 mm 75 GHz 7.0 x 101°
HCN-laser 337 wm 890 GHz 9.8 x 102!
CO, laser 10.6 wm 28 THz 9.9 x 1024
He-Ne laser 3.39 um 88 THz 9.7 x 10

0.633 wm 474 THz 2.8 x 10?7
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Interferometry
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Fig. 6.6 (a) Interferogram 1n a pulsed gas discharge. (b) Reconstruction of the decaying electron

density by counting interferometer fringes o7
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Electrostatic Waves

0
v-E=— on D
,00 ot | 0x e =
V-V = =
€o
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€0 ~ €0 dx n/ dx
Electron Pressure
Force

. |

| (u-V)u) =—ng(E+uxB)—-Vp.
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Electrostatic Plasma Waves
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Electrostatic Plasma Waves
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Electrostatic lon Sound Waves

lon Pressure

Force \
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Electrostatic lon Sound Waves
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Important Wave Concepts

« Linear vs. nonlinear

1
| | W:—/dV(H-B+E-D)
- Dispersion 2

y
- Phase and group velocity OW / /
- | N.as=-— [ avi - E
o1
S V

- “Polarization” and wave structure

- Energy & intensity (Poynting’s Theorem)

- Inhomogeneity
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Quiz 1 Wednesday



Next Lecture: Video

- Chapter 6: “Plasma Waves”

- Waves in magnetized plasma



