APPH 4200
Physics of Fluids

Fluid Equations of Motion (Ch. 4)

Conservation of Mass
Navier-Stokes Equation (Force-Momentum)
Mechanical and Thermal Energy

Entropy
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Some examples

Equations of Fluid Dynamics

(Conservation Laws)
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Continuity
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Ch. 4, Exercise #1
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Integral Relations

(Section 4.2)

d [, $Lav (fixed V)

V(t) v 5rdV + [,dA-Uf
Moving "Material” volume, V(1), at velocity U

Osborn Reynolds ﬁ

(Reynolds Transport Theory)

1842-1912

Integral Relations

(Section 4.2)
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Moving "Material” volume, V(1), at velocity U




Newtons Law

waopsALAu F= m=

PR _ _

PARTLCLE ,—_—=£P mu\
At (

Fegi(eU)
41 D S 2(pu) 7 (pTE)
':on-:x\: = 52-2 (pui> + 52;3_ (pd‘ QJ)
FRoa

FLoip EcEméE~T

U ~ o ComSERVATIox
_ Du ﬂuF 7

Example: Momentum
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Example 4.1

(fixed volume)
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Integral Conservation Laws

(Fixed Volume)

2P opa)) =
Comw SERQUATIon OF MASS L g”d\) [,4__ 10 (pu)—_] o o
2 favp = - [J47 5

pomesrimi (el p3E ] ﬂf»{r[?w-%]

ot Poe - Poe +(p(7;9 L
:i(p,ﬂ-a;—f -prcT-V)u- )
=J%(,,,;)+Ur7pc7 + (P70 @
-2 (o + v.(pa@) so

: CHAnrgE ©oOF o B STV m WP AOx
S Sum 2F VoL umas FomceES
o7 E awnt
v

AmD SUAEACE FovwcEs Ao

FLow oF #roméEsrld= sacfodT oF Box.
—_—




Example 4.1 (Solution)
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Momentum: Body and Surface Forces
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Momentum x-direction
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Energy (Part 1)
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The Importance of Viscosity

Qﬁ)etbr\\ﬁﬂ“[ﬂ'ﬁbf EoL€r E B JATIOND

gj + C(IU)J = - \740/9 + § + (viscou}{;rce/mﬂ
2t
v.d=o

LET = rxud. THEM

2 R0 -7 T -LiTu
ot P

TAcé Cuer oF TTHS E > UAT o

%j - \7)&[5)«(—7\) =0 7 9=-‘7"">

L2

= /
JF A= a2t t=o, 7T~ o ForEwER -




Creation of Vorticity

(Note: Flow at thin layer at surface of cylinder vanishes.)

Navier & Stokes

Claude-Lewis Henri Navier

(1785-1836) (1819-1903)
Elasticity Viscous flow, Stokes’ Law




Pont des Invalides
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Tay Bridge Disaster (1879)
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Stokesian Fluid
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Navier-Stokes Equation
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Navier-Stokes & Euler
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NS Properties
ou

s +u-Vu=g— (1/p)Vp +vV?u

® Equation for rate of change of u(x,t) (not
position) in lab frame

® Nonlinear. Complicated term: u - Vu

® Viscous length scale: v/U

® NS is a starting point: Once u(x,t) is known,
then other fluid properties can be determined.

Clay Prize: $1M
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Navier-Stokes Equation

Dedicated to increasing and disseminating mathematical knowledge

;. . .
o Clay Mathematics Institute

HOME ABOUT CMI PROGRAMS NEWS & EVENTS AWARDS SCHOLARS PUBLICATIONS

» The Millennium Problems

» Official Problem Description —

Waves follow our boat as we meander across the lake, and turbulent air Charles Fefferman

currents follow our flight in a modern jet. Mathematicians and physicists
believe that an explanation for and the prediction of both the breeze and the
turbulence can be found through an understanding of solutions to the Navier-
Stokes equations. Although these equations were written down in the 19th
Century, our understanding of them remains minimal. The challenge is to make
substantial progress toward a mathematical theory which will unlock the
secrets hidden in the Navier-Stokes equations.

» Lecture by Luis Cafarelli (video)




Simple Example:

What is the steady flow between two parallel plates?
Cartesian Coordinates T

No slip Boundary Conditions b U(y)_)
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Not Simple Example:

Steady, 1D Radial Flow, Cylindrical Coordinates
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The Importance of Viscosity
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Energy Conservation
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Mechanical Energy

— Du _ =
| 5. = ¥3 &7.7:]

Sonescq Fozeg

= AJET FoRCE FAloO~ SomFrcd
OATTS Froio EcEms~T

a . = (‘.J = mECH AntcAL oK Donkt
- REy o Froio Dy Sotrsed SwES
" THE teoyk DomE& To ek

THEF € meE~T

Total Work Done by Stress

T

! . dA; (s THE ToAw Foecé owm §u2FAC
L)
Do g To QrFrkass.
V

; o= TVTAL el R Ooat fy SULRFACE STRES
So U Ty dh, TSI won®

E TRATCH rag
IR LD i~ D E For ATro~, STR4 -2,

p'~cHt~‘1 /Z,‘:N-ﬁo,u/

SDV (&%): ,:):(u"‘\> = [RATE DE TOTAC Ceode O~
’ 2%, ¢ T _— . _
7 Q v Fopck (4SS LoDirs D ECOPA A o
R R LI s A
=i - % [ == T —
97‘/' L(:. z_c.‘, -] y). -+ ) YJ‘
——— [ N
DE Font muarTiom MECH At
o7t o K
2.
NOTE . Sireq T (S STumaiicce (ojuwﬂ.c‘r)/ TetE A0 Tz"—;—)‘: =T, éc.a.

S achd A S Famain TEASOD ConTNacThn toidy FAnIDE) TEASIR
GxTNACT S Oavtyr NG Sty e £ 0eC 2y, A




Mechanical Energy Density
for a Stokes Fluid
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Conservation of Total Energy
Density
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Equation for Internal Energy
(Temperature)
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Summary of Fluid Dynamical
Equations

%Ji = -PV o
pRT-pTewE 3
o5 - v p[TE TP
Pe=pRT
?Q—E— = PCU 2—; = \7}277- = P(VG>1 /A(ols(.,a,q.,s,d._)
Pe
(P (:D%T - \7}777_ ~+ Lp)__f + /,,/404,{(,/,4—),;,,)
t

for OS2 O

fav /4)0/ L >




Summary

Basic fluid dynamics involves “6” field
variables: p, U;, P T

Conservation of Mass, Energy, Newtons Law,
and an equation of state provide a “closed” set
of dynamical equations for a fluid

Viscous forces are represented by a stress
tensor

Stokes’ model of viscosity gives us one of the
most useful and well-known equations of
applied science: Navier-Stokes equation.




