
APPH 4200  
Physics of Fluids

Fluid Equations of Motion (Ch. 4)  

1.  Conservation of Mass

2. Navier-Stokes Equation (Force-Momentum)


3.  Mechanical and Thermal Energy


4. Entropy


5. Some examples

Equations of Fluid Dynamics 
(Conservation Laws)



Continuity
Mass

Ch. 4, Exercise #1



Integral Relations 
(Section 4.2)

Osborn Reynolds 
(Reynolds Transport Theory)

1842-1912

Moving “Material” volume, V(t), at velocity U

Integral Relations 
(Section 4.2)

Moving “Material” volume, V(t), at velocity U



Newton’s Law

Example: Momentum

r ,
IJ~

Il~
.

..
\~

~
lb

~
Q

..
~ct

..

)
:i

I~
04

.,

'3

u.~
\~

r£
I~

~
\L

..
~

Q
-

l~
~

~
:i

.

'¡

~
~

~
\i

~
~

~,~
(

(
~

C
-

Q
II

,
.t

:i
II

-J
i~

ll\V
i\~

l\~
0

bl-+
Q

.
i

.

~
.

(~
ci q

~
(~

I~
~

'"
'L

~
+

+
~~

~..
~

~~
(~

l~
+

";Q
-i

~
~

~
~

~
a\ 6

l ""
'-

I'
IJ

~
r;

~
~

\t
I~

Q
(

Q
.

~~ ~
~

4
1::

.J
(~

~
tt

0
..

'-
:i

L ':
.

"l.
\l~

~~
(~

~
~

~
L

--
':

.
\U

-l
~

!
l

(\)
~

\ :i
f.

;-~
I)

. ..
+

~
~

1
I:: l

..
\.

, ::
'A

"' ':
b\~

~
~\~

t
.) '\

IQ
)

'-
to

~ \ù
~

o a
~\~

~
~ l

II
~

~ Q
¿j ~

l-. , -t
'6

-J
C

 a
..~

~
\i

(
v

4:
~--

'fl.ù

= (force/m3)



Example 4.1
(fixed volume)

Integral Conservation Laws 
(Fixed Volume)



Example 4.1 (Solution)

Momentum: Body and Surface Forces
= (force/m3)



Momentum x-direction
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Energy (Part 1)

The Importance of Viscosity

+ (viscous force/m3)



Creation of Vorticity

(Note: Flow at thin layer at surface of cylinder vanishes.)

Navier & Stokes

George Stokes

(1819-1903)


Viscous flow, Stokes’ Law

Claude-Lewis Henri Navier

(1785-1836)

Elasticity



Pont des Invalides

1824

Stokes Flow



Tay Bridge Disaster (1879)

Stokesian Fluid



Navier-Stokes Equation

Navier-Stokes & Euler



• Equation for rate of change of u(x,t) (not 
position) in lab frame


• Nonlinear. Complicated term:


• Viscous length scale: ν/U


• NS is a starting point: Once u(x,t) is known, 
then other fluid properties can be determined.

NS Properties
⌅u
⌅t

+ u ·⇤u = g � (1/⇥)⇤p + �⇤2u

u ·⇥u

Clay Prize: $1M



Simple Example: 
What is the steady flow between two parallel plates? 

Cartesian Coordinates 
No slip Boundary Conditions

⌅u
⌅t

+ u ·⇤u = �(1/⇥)⇤p + �⇤2u

ux
⌅ux

⌅x
= �1

⇥

⌅p

⌅x
+ �⇤2ux

U(y)b

Solution: ux(y) = 4U0
y(b� y)

b2

�⇥2u = x̂ �
⇥2ux

⇥y2
= �x̂ 8

�U0

b2

Not Simple Example: 
Steady, 1D Radial Flow, Cylindrical Coordinates

1
r

⇤(rUr)
⇤r

= 0 � Ur(r, z) = c1(z)/r

⌅u
⌅t

+ u ·⇤u = �(1/⇥)⇤p + �⇤2u

ur
⌅ur

⌅r
= �1

⇥

⌅p

⌅r
+ �

�
⌅2ur

⌅z2
+

⌅2ur

⌅r2
+

1
r

⌅ur

⌅r
� ur

r2

⇥



The Importance of Viscosity

Energy Conservation



Mechanical Energy

Total Work Done by Stress



Mechanical Energy Density 
for a Stokes Fluid

Conservation of Total Energy 
Density



Equation for Internal Energy 
(Temperature)

Internal Energy Equation



Entropy  
(Disorder, Direction of Time)

Summary of Fluid Dynamical 
Equations



Summary
• Basic fluid dynamics involves “6” field 

variables: ρ, Ui, P, T


• Conservation of Mass, Energy, Newton’s Law, 
and an equation of state provide a “closed” set 
of dynamical equations for a fluid


• Viscous forces are represented by a stress 
tensor 


• Stokes’ model of viscosity gives us one of the 
most useful and well-known equations of 
applied science: Navier-Stokes equation.


