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We analyze shallow water wind waves in Currituck Sound, North Carolina and experimentally confirm,
for the first time, the presence of soliton turbulence in ocean waves. Soliton turbulence is an exotic form of
nonlinear wave motion where low frequency energy may also be viewed as a dense soliton gas, described
theoretically by the soliton limit of the Korteweg–deVries equation, a completely integrable soliton system:
Hence the phrase “soliton turbulence” is synonymous with “integrable soliton turbulence.” For periodicquasiperiodic boundary conditions the ergodic solutions of Korteweg–deVries are exactly solvable by finite
gap theory (FGT), the basis of our data analysis. We find that large amplitude measured wave trains near the
energetic peak of a storm have low frequency power spectra that behave as ∼ω−1 . We use the linear Fourier
transform to estimate this power law from the power spectrum and to filter densely packed soliton wave
trains from the data. We apply FGT to determine the soliton spectrum and find that the low frequency ∼ω−1
region is soliton dominated. The solitons have random FGT phases, a soliton random phase approximation,
which supports our interpretation of the data as soliton turbulence. From the probability density of the
solitons we are able to demonstrate that the solitons are dense in time and highly non-Gaussian.
DOI: 10.1103/PhysRevLett.113.108501

The physical basis of weak wave turbulence was
developed by Zakharov and Filonenko [1]. They inves-

PACS numbers: 92.10.Hm, 92.10.Lq, 92.10.Sx

but finite amplitude, long waves in shallow water. KdV is
integrated by the inverse scattering transform (IST) on the
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FIG. 1 (color online). Measured surface wave time series of 8192 points (27.96 min, sampling interval 0.
Currituck Sound beginning at 21:00 h on 4 February 2002. The significant wave height was 0.52 m in a depth o
the low frequency soliton signal obtained by low pass filtering the (black) measured time series.

analysis of ocean waves. The fast Fourier transform (FFT, a
periodic algorithm) is the most often used method for data
analysis. Likewise finite gap theory [16] (nonlinear Fourier
analysis for KdV which is also periodic) is used to analyze
and interpret the measured Currituck Sound data using the
methods of [17]. This means that we are able to deal, from a
theoretical and data analysis point of view, with the densely
packed solitons found in the data. Herein, our use of the
term soliton turbulence is synonymous with integrable
soliton turbulence as discussed in the theoretical literature
[12–14]. The ω−1 theoretical power law of Zakharov [2,3]
FIG. 1 (color online). Measured surface wave time series of 8192 points (27.96 min, sampling
intervalwater
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the low frequency soliton signal obtained by low pass filtering the (black) measured time series.
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Scalars, Vectors, &Tensors
• Scalars: mass density (ρ), temperature (T),
concentration (S), charge density (ρq)

•

Vectors: flow (U), force (F), magnetic field (B),
current density (J), vorticity (Ω)

•

Tensors: stress (τ), strain rate (ε), rotation (R),
identity (I)

How to work and operate with tensors…

What is a Tensor?
In other words: a vector has a
direction and magnitude …

50
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Cartesian Tensors
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the reader might have guessed, the algebraic manipulations
in the indicial notation, sometimes using the comma notation.

Exercises
1. Using indicial notation, show that
.Í a x (b x c) = (a. c)b - (a. b)c.

= epqmape¡jqb¡cj. Using
(Hint: Call d == b x c. Then (a x d)m = epqmapdq

equation (2.19), show that (a x d)m = (a. c)bm - (a. b)cm.)

ar is

2. Show that the condition for the vectors a, b, and c to be coplan
e¡jkaibjCk = O.

3. Prove the following relationships:

Ch 2: Problem 4
OijOij = 3

epqrepqr = 6
epq¡epqj = 2oij.

4. Show that

c . CT = CT,.;. C = 8,
ker delta.

where C is the direction cosine matrx and 8 is the matrx of the Kronec

e it
Any matrx obeying spch a relationship is called an orthogonal matri becaus
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anothe
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represents transformation of one set of ortogo
5. Show that for a second-order tensor A, the following thee quantities are
invarant under the rotation of

axes:

II = A¡¡

I Aii Al31
I A.2 A23/
I + A32
/z = I Aii
A33 +A31 A33
A22
A21A12
13 = det(A¡j).

Rotation Matrix is Orthogonal

Tensors

Vector Identities
VECTOR IDENTITIES4

Notation: f, g, are scalars; A, B, etc., are vectors; T is a tensor; I is the unit
dyad.
(1) A · B × C = A × B · C = B · C × A = B × C · A = C · A × B = C × A · B
(2) A × (B × C) = (C × B) × A = (A · C)B − (A · B)C
(3) A × (B × C) + B × (C × A) + C × (A × B) = 0
(4) (A × B) · (C × D) = (A · C)(B · D) − (A · D)(B · C)
(5) (A × B) × (C × D) = (A × B · D)C − (A × B · C)D
(6) ∇(f g) = ∇(gf ) = f ∇g + g∇f
(7) ∇ · (f A) = f ∇ · A + A · ∇f
(8) ∇ × (f A) = f ∇ × A + ∇f × A
(9) ∇ · (A × B) = B · ∇ × A − A · ∇ × B
(10) ∇ × (A × B) = A(∇ · B) − B(∇ · A) + (B · ∇)A − (A · ∇)B
(11) A × (∇ × B) = (∇B) · A − (A · ∇)B
(12) ∇(A · B) = A × (∇ × B) + B × (∇ × A) + (A · ∇)B + (B · ∇)A
(13) ∇2 f = ∇ · ∇f
(14) ∇2 A = ∇(∇ · A) − ∇ × ∇ × A
(15) ∇ × ∇f = 0
(16) ∇ · ∇ × A = 0
If e1 , e2 , e3 are orthonormal unit vectors, a second-order tensor T can be
written in the dyadic form
(17) T =

!

i,j

Tij ei ej

In cartesian coordinates the divergence of a tensor is a vector with components
(18) (∇·T )i =

!

(∂Tji /∂xj )

Vector Examples
j

[This definition is required for consistency with Eq. (29)]. In general
(19) ∇ · (AB) = (∇ · A)B + (A · ∇)B
(20) ∇ · (f T ) = ∇f ·T +f ∇·T

4

Scalar Product

Vector Product

Permutation Tensor

εijk Identity

Gradient Operator (Scalar)

Triple Scalar Product

CoPlanar
and Not

Triple Vector Product
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13 = det(A¡j).

(Hint; Use the result of Exercise 4 and the transformation rule (2.12) to

show that

Aki are also invarants. In
i; = A;i = Aii = ii. Then show that AijAji and AijAjk

fact, all contracted scalars of the form Aij A jk . . . Ami are invariants.
that

Finally, verify

/z = l(ll - AijAji)

h = AijAjkAki - !¡AijAji + /zAii.
Because the right-hand sides are invarant, so are /z and h)
n
6. If u and v are vectors, show that the products Ui v j obey the transformatio
rule (2.12), and therefore represent a second-order tensor.

,.;

ecker delta.
where C is the direction cosine matrx and 8 is the matrx of the Kron

use it
Any matrx obeying spch a relationship is called an orthogonal matri beca
represents transformation of one set of ortogonal axes into another.
5. Show that for a second-order tensor A, the following thee quantities are

Ch 2: Problem 5

invarant under the rotation of

axes:

II = A¡¡

I Aii Al31
I A.2 A23
I + A32
/z = I Aii
A33/ +A31 A33
A22
A21A12
13 = det(A¡j).

2

Chapter 2 : Problem 5
Kundu & Cohen, Fluid Dynamics
ü Part a
In[1]:=

i1 = Sum@a@i, iD, 8i, 3<D

Out[1]=

a@1, 1D + a@2, 2D + a@3, 3D

ü Part b
In[2]:=
Out[2]=
In[3]:=
Out[3]=

scalar identities.nb

In[9]:=

Out[9]=

In[10]:=

rhs = Expand@HSum@a@i, jD a@j, kD a@k, iD, 8i, 3<, 8j, 3<, 8k, 3<D i1 Sum@a@i, jD a@j, iD, 8i, 3<, 8j, 3<D + i2 i1L ê 3D
-a@1, 3D a@2, 2D a@3, 1D + a@1, 2D a@2, 3D a@3, 1D + a@1, 3D a@2, 1D a@3, 2D a@1, 1D a@2, 3D a@3, 2D - a@1, 2D a@2, 1D a@3, 3D + a@1, 1D a@2, 2D a@3, 3D
detA - rhs êê Simplify

Out[10]=

0

Expand@Sum@a@i, jD a@j, iD, 8i, 3<, 8j, 3<DD
a@1, 1D2 + 2 a@1, 2D a@2, 1D + a@2, 2D2 + 2 a@1, 3D a@3, 1D + 2 a@2, 3D a@3, 2D + a@3, 3D2
i2 = Expand@Hi1 ^ 2 - Sum@a@i, jD a@j, iD, 8i, 3<, 8j, 3<DL ê 2D

-a@1, 2D a@2, 1D + a@1, 1D a@2, 2D - a@1, 3D a@3, 1D - a@2, 3D a@3, 2D + a@1, 1D a@3, 3D + a@2, 2D a@3, 3D

ü Part c
In[4]:=

Array@a, 83, 3<D êê MatrixForm

Out[4]//MatrixForm=

a@1, 1D a@1, 2D a@1, 3D
a@2, 1D a@2, 2D a@2, 3D
a@3, 1D a@3, 2D a@3, 3D

In[5]:=
Out[5]=

In[6]:=
Out[6]=

In[7]:=
Out[7]=

In[8]:=
Out[8]=

detA = Det@Array@a, 83, 3<DD
-a@1, 3D a@2, 2D a@3, 1D + a@1, 2D a@2, 3D a@3, 1D + a@1, 3D a@2, 1D a@3, 2D a@1, 1D a@2, 3D a@3, 2D - a@1, 2D a@2, 1D a@3, 3D + a@1, 1D a@2, 2D a@3, 3D
Expand@Sum@a@i, jD a@j, kD a@k, iD, 8i, 3<, 8j, 3<, 8k, 3<DD

a@1, 1D3 + 3 a@1, 1D a@1, 2D a@2, 1D + 3 a@1, 2D a@2, 1D a@2, 2D + a@2, 2D3 +
3 a@1, 1D a@1, 3D a@3, 1D + 3 a@1, 2D a@2, 3D a@3, 1D + 3 a@1, 3D a@2, 1D a@3, 2D +
3 a@2, 2D a@2, 3D a@3, 2D + 3 a@1, 3D a@3, 1D a@3, 3D + 3 a@2, 3D a@3, 2D a@3, 3D + a@3, 3D3
Expand@i1 Sum@a@i, jD a@j, iD, 8i, 3<, 8j, 3<DD

a@1, 1D3 + 2 a@1, 1D a@1, 2D a@2, 1D + a@1, 1D2 a@2, 2D + 2 a@1, 2D a@2, 1D a@2, 2D + a@1, 1D a@2, 2D2 +
a@2, 2D3 + 2 a@1, 1D a@1, 3D a@3, 1D + 2 a@1, 3D a@2, 2D a@3, 1D + 2 a@1, 1D a@2, 3D a@3, 2D +
2 a@2, 2D a@2, 3D a@3, 2D + a@1, 1D2 a@3, 3D + 2 a@1, 2D a@2, 1D a@3, 3D + a@2, 2D2 a@3, 3D +
2 a@1, 3D a@3, 1D a@3, 3D + 2 a@2, 3D a@3, 2D a@3, 3D + a@1, 1D a@3, 3D2 + a@2, 2D a@3, 3D2 + a@3, 3D3
Expand@ i2 i1D
-a@1, 1D a@1, 2D a@2, 1D + a@1, 1D2 a@2, 2D - a@1, 2D a@2, 1D a@2, 2D + a@1, 1D a@2, 2D2 a@1, 1D a@1, 3D a@3, 1D - a@1, 3D a@2, 2D a@3, 1D - a@1, 1D a@2, 3D a@3, 2D - a@2, 2D a@2, 3D a@3, 2D +
a@1, 1D2 a@3, 3D - a@1, 2D a@2, 1D a@3, 3D + 3 a@1, 1D a@2, 2D a@3, 3D + a@2, 2D2 a@3, 3D a@1, 3D a@3, 1D a@3, 3D - a@2, 3D a@3, 2D a@3, 3D + a@1, 1D a@3, 3D2 + a@2, 2D a@3, 3D2

Rigid Rotation

Symmetric and Antisymmetric

Antisymmetric Tensor

Time Derivative

Vector Fields and Trajectory Lines

Divergence
of a Vector
Field

Laplacian

Green’s (or Gauss’) Theorem

the point x, y, z. Then
(21) ∇ · r = 3
(22) ∇ × r = 0
(23) ∇r = r/r
(24) ∇(1/r) = −r/r3

Green’s Theorem Variants

(25) ∇ · (r/r3 ) = 4πδ(r)
(26) ∇r = I

If V is a volume enclosed by a surface S and dS = ndS, where n is the unit
normal outward from V,
(27)

(28)

(29)

(30)

(31)

(32)

!
!

!

!
!

!

V

V

V

V

dV ∇f =

!

dSf
S

dV ∇ · A =

dV ∇·T =

!

!

S

S

dV ∇ × A =

dS ·T

!

S

2

V

V

dS · A

dS × A

2

dV (f ∇ g − g∇ f ) =

!

S

dS · (f ∇g − g∇f )

dV (A · ∇ × ∇ × B − B · ∇ × ∇ × A)
=

!

S

dS · (B × ∇ × A − A × ∇ × B)

If S is an open surface bounded by the contour C, of which the line element is
dl,
(33)

!

S

dS × ∇f =

"

dlf

C

5

Curl of a
Vector
Field

Let r = ix + jy + kz be the radius vector of magnitude r, from the origin to
the point x, y, z. Then

Stokes’ Theorem

(21) ∇ · r = 3

(22) ∇ × r = 0
(23) ∇r = r/r

(24) ∇(1/r) = −r/r3
(25) ∇ · (r/r3 ) = 4πδ(r)
(26) ∇r = I
If V is a volume enclosed by a surface S and dS = ndS, where n is the unit
normal outward from V,
(27)

(28)

(29)

(30)

(31)

(32)

!
!

!

!
!

!

V

V

V

V

V

dV ∇f =

!

dSf
S

dV ∇ · A =

dV ∇·T =

!

!

S

dS ·T

S

dV ∇ × A =

dS · A

!

dS × A

S

dV (f ∇2 g − g∇2 f ) =

!

S

dS · (f ∇g − g∇f )

dV (A · ∇ × ∇ × B − B · ∇ × ∇ × A)

Stokes’! Theorem Variants

V

=

dS · (B × ∇ × A − A × ∇ × B)

S

If S is an open surface bounded by the contour C, of which the line element is
dl,
(33)

(34)

(35)

(36)

!

!

!
!

S

S

S

S

dS × ∇f =

"

dS · ∇ × A =

dlf

C

"

C

(dS × ∇) × A =

dl · A

"

dS · (∇f × ∇g) =

C

"

5

dl × A

C

f dg = −

"

gdf
C

DIFFERENTIAL OPERATORS IN
CURVILINEAR COORDINATES5
Cylindrical Coordinates

Classification of Vector Fields

Irrotational Field

Solenoidal Field

Summary
•

Vectors & tensors transform under coordinate rotation like
position vector

•

Vector operators: scalar product, vector product, triple scalar
product, triple vector product

•

Tensors: isotropic, symmetric, antisymmetric, orthogonal

•

Calculus of vectors: derivative, gradient, divergence, curl

•

Gauss’ & Stokes’ Theorems

•
•

Classification of Vector Fields: irrotational, solenoidal, …
Next Lecture: Kinematics of fluids

