APPH 4200
Physics of Fluids

Cartesian Tensors (Ch. 2)
Lecture 2b

1. Geometric Identities

2. Vector Calculus



Scalars, Vectors, &Tensors

® Scalars: mass density (0), temperature (T),
concentration (S), charge density (0 q)

e Vectors: flow (U), force (F), magnetic field (B),
current density (J), vorticity (Q)

® Tensors: stress (T), strain rate ( € ), rotation

(R), identity (I)

How to work and operate with tensors...



Vector Identities

Notation: f, g, are scalars; A, B, etc., are vectors; T is a tensor; / is the unit
dyad.

(1) ABXC=AxXxB-C=B-CxA=BxC-A=C-AxB=CxA:-B
2) Ax(BxC)=(CxB)xA=(A-C)B-(A-B)C

B AX(BxC)+Bx(CxA)+Cx(AxB)=0

(4) (AxB)-(CxD)=(A-C)(B-D)—(A-D)(B-C)
B)(AxB)x(CxD)=(AxB-D)C—-(AxB-C)D

(6) V(fg) =V(9f) = fVg+gVf

(MY V- (fA)=fV-A+A-Vf

(8) VX (fA)=fVXA+VfXA

V- (AxB)=B-VXxA-A-VxB

(10) Vx (AxB)=A(V-B)—B(V-A)+ (B-V)A - (A-V)B
(11) Ax (VxB)=(VB)-A—(A-V)B

(12) V(A-B)=AXx (VxB)+Bx(VxXA)+(A-V) B+ (B:-V)A
(13) V2f =V -Vf

(14) V2 A=V(V-A) -V XV x A

(15) VX Vf=0

(16) V- VX A=0



Greens Theorem Variants

If V is a volume enclosed by a surface S and dS = ndS, where n is the unit
normal outward from V,

dVVf:/de

S

dVV-A:/dS-A
S

dvv-T:/ds-T
S

dVVxA:/deA
S

dV (fVig —gV?f) = / dS - (fVg—gVi)

S

(27)

(28)

(29)

(30)

(31)

(32) dVIA- VXV XB-B-VXVXxA)

— T T T T

:/dS-(BxVxA—AxVxB)
S



Stokes’ Theorem Variants

If S is an open surface bounded by the contour C', of which the line element is

(33) [ dS x Vf = j{dlf

-]

(34)/dS VXA = idl-A
J
J =

(35) | (dS x V) x A = j{dle
C

- (Vf xVg) = ]{fdg=—7{gdf
C C

(36)



What Is a Tensor?
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Rofation about the z-Axis
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Rotation Matrix is Orthogonal
TrA~sposk : CCE_J-)T-_:- C..

uC
. LU
cose —sine O Cocd Sime O

Swwo  Cose O ‘—Smve Coxxe O

< < l o o (
Co_sze +Cnle Cos® $1a00 - CS6Say O
COLOS B -CosOSivg  COSE + Senfo O

O o (

\ o O
= o O) = 5 . I De~Tuty
o o | “ Te~con
T /
/
Ao X'.= C(:J' X(‘

J



Vector Examples
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Scalar Product
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A SCALAR r00 VAR AT OA0ER
RoTHATionas,

—
N

lF Z.b =0, THED

a Acon E ARE
MmoToAally

ORTHOFomAC (5 =+ 9,40)

@
J%g




Vector Product
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Permutation Tensor
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Triple Scalar Product
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Triple Vector Product
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Rigid Rotation
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Tensors
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Symmetric and Antisymmetric
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Antisymmetric Tensor
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Time Derivative
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Vector Fields and Trajectory Lines
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Gradient Operator (Scalar)
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Divergence
of a Vector
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Laplacian
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Greens (or Gauss') Theorem
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Stokes’ Theorem
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Classification of Vector Fields
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Irrotational Field
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Solenoidal Field
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Summary

Vectors & tensors transform under coordinate rotation like
position vector

Vector operators: scalar product, vector product, triple scalar
product, triple vector product

Tensors: isotropic, symmeftric, antisymmetric, orthogonal
Calculus of vectors: derivative, gradient, divergence, curl
Gauss’ & Stokes’ Theorems

Classification of Vector Fields

Next Lecture: Kinematics of fluids



